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ABSTRACT. ,

This book contains the first seven chapters of a
pilot 'mathematics sequence for the 'seventh and eighth grades. The
content of thesequence.is to serve as a 'vehicle for the development
of relevant computational skills, mathematical reasoning, and
geometric perception in tree dimensidns and is'tcreflect the
application' of mathematics to the social and natural sciences,.' The
'material is divided intc five types of sections: (1) activities by
the whole class, small groups, or individuals; (2) shdrt reading-
sections; (3) questions; (4),, sebtions for the student with a weaker
background; and (5) sections for the strongly motivated student. The
material,in the first seven.ch-apters includes:' simplified laps',
length--whole numbers acid fractions, angles and their measurement,
enlarging and reducing,- similar figures, reading maps, quotients and
ratios, and area. (NN)
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This book contains the first seven chapters of a tnathemaiics

sequence'for the seventh and eighthga`des. The content for,the se-
quence is being selected to serve as a vehicle forsthe development. '

of relevant computational !kills, mathematical reasoning, and geo-
metric perception in three dimensions. The application of mathemat-

.,
ibs to the social and natural sciences is also an important factor in

. . .

the selection.of material. ,

The style of the sequence encourages individual, as well
as group work, thus developing the commu,nication skills, in the
context of mathematics. Strong emphasis is placed on student ac-
tivities, many of Whioh 'are' manipulative.

To serve a broad spectrutkof students in heterogeneous

classes, the material Ts divided into five typeS of sections. Three
type constitute the main core:

1

barz,

Activities by the,whole,clasS, Small grouos

or-individuals;
Ot

Short reading sections, to be assigned and,
,

discussed'or to.be read in class; and

.Questions to be worked out at home °Lin'
class.
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. Sections indicated by
I
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)

are intendpd to help the student with
E

a.wea,ker background, and sections indicated by are to pro-
--.

. . .

vide extra challenge and pleasure for the strongly motivated student.

1
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The development of this project is saipported by a grant /'

from t41- National Science-rO,undation.
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CHAPTER 1 SIMPLIFIED MAPS

. 1 Sketchinga Bike Trip\ : ..
2 Compar.ing Two Sketches of the Same 'Thing
3 How Much Can You Change a Map and Still

, Have It Be Useful?
., What Does a Network Map Tell Us?

,.

4

CHAPTER 2

P.

.10

LE GTHC WHOLt`NUMBERS AND FRACTIONS

'Units of Measurement
2 ;Centimeters
3 , Estimating Lengths in Centimeters
4 Hbw to Subtract
5 Does It Fit ?

t .=,
6

7

,Dividing a Line Segment into Equal Parts
Naming Subdivisions Of a Unit

8. Multiples of Unit Fraction's
'9 EqUal Fractions
10 Decimal Notation
11 Matching Fractions

'12 Measuring to Tenths of a Centimeter
13 Making',Parallel Lines./
14 Scrambled Squares
15 Measuring Miniaturejvlanholee-
16 Subtracting Decimals f

17 'Optical Il

'
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CHAPTER 3 ANGLES AND THEIR MEASUREMENT

1 Turns and Angles
2 A Simple Protractor for Measuring A gles
3 Measuring Angles_in Degrees

, 4 Measuring Angles to the Nearest Degree
5, - The Sum of the Angle,s in a Triangle
6 PrOtractori and Accuracy
7. .Angi of Regular Polygons
,8 Tiling with Regular Polygons
9 'Tifiqg with More Than One Polygon

,

CHAPTER 4 ENLARGING AND REDUCING; SIMILAR FIGURES

r Rubber. Band Enlargements
2 Enlargements Made from a Point
3 Reductions from a Celiter

, i 4 The Scaling Factor q,,

5 A Simple Multiplying Device
A

6 Similar Figures:Scale Models
-.\,- . 7- Staircase Multiplication

h 8 Grid Enlargements

4,P

CHAPTER 5 READING MAPSti
I k

1 A Floor Plan: A Kiwi ofModel t
2 A Scaled Map of a iNeighborhOod
3 Meters and Dollars -
4 Appcoximating Products of Whole Numbers

'5 Multiplication of Decimals
Pran-A-Party

fr 71 The Kilometer
8 A Road Map
9 Bracketing Distances on a Map''

10 Uncertainties in Map Readings
11 Map Soales ,

11 Bearings and Navigation

t.
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CHAPTER 6

e

-vii-

QUOTIENTS AND RATIOS,

1

2

3

4

.

When Do WeMultiply?
When Do We*ivide?
Quotients and Fractions
Combining Division and Multiplication

5 Ratios
6 Doing Division by Repeated Subtract(on
7 Dividing Past the Decimal
8 Dividing by a Decimal;
9 The Famous Ratio it 4,

CHAPTER .7 AREA;

1 Units of Area
2 Finding Areas in.Squ'are 'Centimeters
3 Bracketing Areas
4 Measuring Areas in Fractions -of a Unit Area-
5 A Shortcut tor Counting Area Units Areas of

Rectangles'
6 Multiplying Fractions
7 Matching Products of Fractions
8 Multiplyinecimals by Decimals
9 Estimating Areas

10 Thp Areas of Parallelograms and Thangles
11 Areas of Enlargements.
12 Areas on Maps,.
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SECTION 1 . SKETCHING, A BIKE TRIP

A bby Who was spending his vacation on a small island
wrote a letter to his sister. He wanted

.

to tell her about a bike,
trip he had taken. Here IS part of the letter.

"Th& town where we are flaying Is in the 'Center a the
island. There is °tie road from town that leads to a deserted vil-
lage on the shore of the island. Yesterday,we decided to go there

on our bikes k01-1 the way out of town we came to a fork in the

road.by a tall tree. We wen to the right. And, a's'ryou can guess,
the road to the illage was the one.bn the-left. Anyway, we were
lost.

re". "After a .while we came to an intersection. We were not

sure if we should keep going straight ahead, turn left, or turn

right. We decided to turn right, and soon came to a forest. (Later
,

we found_Out that. the road to the left leads,to azice beach. Going
straight ahead would have taken, ukto some cliffs overlooking the

.

ocean.)

1

I"-
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"Soon we came to another fork in'the road and decided to go

straight. (We should have turned right. That would have taken us
45,

back to-town!) We ended up at the boat pier on the other side of

the island. By then inie were, tired,Nso we wanted to go back to

town. We knew there was a direct road from the' bdat pier to town,

but we missed it. Instead We ended up going alorig the shore of .

the island all the way to the deserted village.. So wevisited the

village after all, but we sure went the long-way.

"What I don't understand Is ,-'how we got to the village from

thi pier and never crossed any other roads. After all) the village

and the pier are almost on opposite sides of the island."

e-

His sister, reading the letter, couldn't make head or tail

out of the description of her brother's trip. So, she decide

draw a sketch of the island, fts roads, and its landmarks.

Gail you draw a. sketch of the island and the trip using the

description given inthe letter?

Compare your sketch with your classmates' sketches.. In

what ways are they alike? Different?

,

4;

A

e

1



)

1.

r.

c1-3

SECTION 2 COMPARING TWd SKETCHES 'OF THE SAME THING,

You pro)Ably found that in some ways your map of the island
was the same as your cla,ssmates', bsut in other ways it was differ-t'

, .

ent. All the sketches, however, were based on the same desarip-
, ti,on. It is possible that all the sketches were correct illustration 's

of the bike _trip.

We will now try to find out, by comparing-two siWches,
just how different they can be and yet describevthe'same thing.
Figure 1 and Figure 2 on page 5 are -maps of an island drawn-by two

drfferent'students. The island here is not the one you drew, but
these sketches were made.from the same ki1/4Yd of infobnation.. Let'g
use 'both figures to answer the followir# questions.

. . ,

. ' .

1r 4

."4------ ' ' -- ..
,

. .
v1. (& LOok at Figure I.. Going alOng Lighthouse Lane,` which -.--.

.

.is closer to_the firStraid,station, t: ees or the flag? .

4 '- (b) Now look at Figure 2. Do you g the same answer? --
(c) Which sketch do yoU.think.is correct? 'Whir?,

, _

t-

14

.
(d) Do you think that eitheof the two sketches giveS the
distances between places Accurately?

2. Compare the'corner of Soup-; Street andoPtirport Road on the
two maps.

, -

(a) How are they different? 1-7

e

e

c (0) Do you think, that either sketch tells you 1-144W sharply ;
you must turn, going from ()fie street cam the other?

., o

1
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. 4.
3. (a) How many roads come together'at the flagpole? ,

(b) Is the humber the same for'both sketches?
4

(c) Is the number of roads at each intersection the same on
both maps?- t

1 , ,

.(d) poeslit make any difference hich sketch you use to
find the number of roads at an intersection?

' 4.
.

(a) In Figure 1 the lighthouse is between which two inter-
sections?
(b) Is it between the same intersec/ions in Figure_ 2?

(c) How.many streets come into Airport Road betweeipthe
shark lookout and the boat dock?

(d) Does it matter which map you use to answer these questions?

5. (a) Use Figure,1 to describe Airport Road.

(b) Now describe the 'same road,using Figure 2.

(c) What is the biggest difference between the two drawings
of Airport.Road?

Id) Do yqu think that the sharpness of curves has been cor-
, rectly shown on either-sketch?

7.

Which of the following are the same or different for the .two
sketches?
(a) Distance between any two points.

(b)' Number of roads coming together atanylolie intersection.

(c) An le that two_roads' make when they-meet.,

(4) order of landmarks along a 'road between any two places.
, -
(e) Sharpness of curves on any 'road.

(a) Usiig Figure 1, write doWn instruction's on how to set
from the airport to the lighthouse.

(b) If someone were to use your instructions with Figure 2,
would they get to the right place?
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-8. By how many different ways,can you get from the lighthouse
o the dock?

al

SECTION 3 HOW 'MUCH CAN YOU CHANGE A MAP
AND STILL HAVE-IT BE USEFUL? A

t;i KZ.

*

In the previoug-section we compared two,sketches of the

roads on an'isLind. We found that when we look at either of the.

sketches, we cannot tell accurately the distances,, angles between

roads .at intersections, or sharpneSs of curves but we can find out:
- , .

(a) The_ number of roads-at each intersection.

(b) ' The order.of points alonvlines.
)

(c) .The nu'mbEfPof routes-connecting two- places.

'Often maps or diagrams ignore correcttlistandes,angles,

and straightness of roads or,routes, but carefully show Intersec-
tions, connections ,_ and the order ofpoints along a route.\ We wLll

I

- call such maps or diagranis network maps or network diagrams.

1

4
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Figure 3 showS such a network %diagram foi- some of the routes of

.an,international airline. e's

70 kY0, - ANCKORAGE

HONEt KONG

,f

BANGKOK

SAN FRANCISCO

SAAON
WAKE MANE LOS ANCIELeS

MANILA 4 GUAM SAMOA

51,4$51A PORE

NAUDI

zeic A grit Figure 3'

Neither distance, angle, nor the straightness of lines needs

to be correct in such a diagram. ,7hereforey all these things Can be

changed -in any Way we. wish 'without- changing the important informa-

tion,given by the diagram. 'Someone could even redraw the network

to make it look like an aircraft as shown in Figure 4. This might be
(

doneas part of an'airline's advertising campaign.

ANCHORAGE

BANGKOK 40NO4KON&N NAM
fb,140N Q!,4 (.4

.SINGAPORE MPNILA

SAN FRANCISCO

LOS ANGELES

JAKA ktA

SAMOA

4
HONOLULU

Figure 4

Both diagrams provide the same information to a, traveler.

Either one can be used for the purpose of choosing a route from

Los Angeles to-Saigon and back.

15 ,
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a

as,

9. Are the two diagrams -in Figure 5 diagrams of the same air-
line routes, or of.different ones? Give reasons for your
answer.

Figure 5(d)

HONG KONG

TOKYO

'ANOHORA615 .

SAN FRANCISCO

Lb5 ANMELES

AKE ISLAND

BRIVCAKOK MANILA GUAM

SINE/APolta /JAW)!

IIONOWLU

SAlecON

ZAKARIA

.figure 5(h)

BANGKOK

HONER KON

'Tokyo

511640/4

ANCHOR AE

SAA FRANCISCO

LOS AlktELES

SIN6APOM

MANILA

SAAON
NAUDI

WAKE ISLAND

TAKAtfA,
O

10. Are the airline routes' 'shown in Figure .
shown in Figures 3 and 4?

,

1.8

9,b's

HONOLULU 6

SAMOA

the same as those

s
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11. In Figure' 6, find intersections like those in (a), (b), 'and (c) °

on'the road dfagram in (d).

-17

, (b) (c) (d)

Figure 6

L2. Find the path shown in Figure 7 on the road diagram of
Figure 6(d) and label the intersections

Figure 7 1

13. Figure 8 is a highly' simplified version of Figure 9. Copy
Figure 8 and label the cities on your copy..

se

17

V

Figure 9
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'.14. Simplify the map in Figure 10 by drawing it solthat.",all,rpade
are. straight.

.4
f:

0 Figure,10'

15. Figure .11 is a diagram of roads in a neighborhood. Skeiciv
a simplified diagram of the same neighborhood by making
each street appear as a single straight line.

Figure it
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SECTION 4 WHAT DOES- A NETWORK MAP TELL US?:-

GRaj. We have seen that' network maps are, often used to show

airline routes. Another corrimoti use of such chaps is° to show bus

or subway routes. .A network rnap, of a sub*ay system can supply

much useful infOrmation. However ;there are some questions that

such a map cannot Answer.

Use the Boston Rapid Transit map shown in Figure 12 to

,find the answers to as many of the following questions as you can.

Decide what you would need to know in order to be able to answer

the others. The stations mentioned in the following questions are

underlined on the 'map. 1

16. (a) If you got on at,Quincy\.Center and /raveled to Airport,
how many stations would To)* pass through? -

(b) How manyilifferent routes could you take from Quincy
Center to Haymarket?

('c) Which stations would you pass through just before and
just after you pass through Maverick?

(d) Do you need to (change trains in order to'go from-Quincy
Center to Symphony? If so, where?.`:,*

(e) Which two stations are nearest to each other?

(f), 'Which is faster, to walk from Arborway to Forest Hills
or to take the rapii:Nransit? -7

(g) Which is farther from Forest Hills, Essex or Dover?

17. (a) Write down instnictions on how to go from Quincy Centei
to Airport. 41*

.(b) Write down instructions on how to go from Quincy Center
to Charles, using four subway lines.

V



7."

t

.

4,

I

14W.MARKET P,

kbOWDOIN

G14ARLES

GOVT.

PARK ET

STATE

AIRPORT

MAY ER I 6( '.

AOUARIU*A,

WASMINIGTON

BOY LSTON

_,
ARLIN5ToN le DOVER ,ANDREW

' To,. i -
CON. EY .,, , NORTHAMPTON

... .1 NORTH QuiNcy
DUDL9EY 1 ,' ,-PRUDENTIAL ilk i 40it4ASToN

I COLUMBIA

EALESTON
1 ,

i

Bik1G1-1ANI CIRCLE ),.- CSREENn,
i 1NEAT14 O..

.. 1

ARBORwAY 4 FOREST HILLS

1.

A

SOUTH STATION

BROADWAY

SYMPHONY

NORTHEASTERN
S AV IN HILL.

FIELDS CORNER

%,

a

QUINCY CENTER

Figure 12
4

Figure 12 A network .map of part of the rapid transit system of
Boston, Mass. Many stops that are next to each other along a
line' seem to be the same Es-tance apart. In fact, most of them
are not. They are shown the same distance apart to make the
map simple, small, and easy to read. Also, the.different transit'
lin'e's are far from straight.

20
.

4.
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0
, f.

18. Which of the maps of Figure 13 show the same connections
between different points?

(a)

19. Figtke 14 represents a
lines. -

(a) The connection.fro
B. Ii\there -is one addi
it be?

(b) If th connections
can A talk o B?

B

(c)

Figure 13

diagram of'a small network of telephone
,s#

m Ato D is broken. A cannot talk to.
tional break in the system, where must'

_ t A

from A to D and from B to C are broken,

(c) There -is break in the system-)somewhere. tIn gqier to.
find it D disco nects his lines to B, C, and E. A cannot
talk to B. D th proceeds to reconnect his linesttO B;:C,
and E and disconr Cts his'line to A. SNow A can talk to B:
Where is the break a

v
Figure 14
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' 20. Irriagine that the lett s of the alphabet in Figure 15, are net- ttl,
work di-a-gran:is. Th letters Y and 7,.4hen represent the same.
network. How many different networks tire repretented by
the alphabet?

.

4 4 -
.

A B C, ID,EF

NOPQR
G-H I J K M-

JUVWXYZ
46Figure

21. How many, i erent network patterns can you make with five
toothpicks They may not be beht,rthey'mutt not,overlap,
and th ay toudh only at the ends. The table' belpW.

. been led out for less than.five tookhpiCeks.

'Number of
Toothpicks

1

2

3.

4;

%MO.

C

4

Number of Different Network Patprn

5 z7

Notei'`,Be careffil in doirfg'this problem: T,be patterns
/\ and .-- mean the sameAing, since only the
angle between the toothpicks' is changed.

a

4.

7*
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In Chapter 1 you-learned about simplified maps or diagrams.

These maps did not show true distances of directions, but you could
.0"

use one erfectly well to find your way from-one piece to another by

road,or subway. For many purposes, however, you need to know

. both directions and distances.

In:this chai3ter and theriext you will learn about measuring..

distdnces and angles. Then, you will be able to find distances be-

tweea places on regular maps.

SECTION.1 Ur ITS OF MEASUREMENT

How do yot 'tell people ho'w heavy you are?

2. How do you tell. people how tall you are?

4
3. How do yoU fell.peOple how old yo mace

.4
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S1.1.94 How would you go about measuring howlaily cups of liquid
. a small pail swill hold?

, .

5. Suppose you wish to measure a table to See if it will go
thibugh a doorway bepre you try moving. it. You don't
have a ruler or a measuring tape, so you decide to use
a pencil as a measurinerod. Tell how y'ou would decide
if the table will fit.

4

you wish to know how much money you have, you count

the number of penny, nickels, ,dimes, and quarterrn our pocket

-c-\or purse, and add up their value in dollprs and cents

So in any other-case where you answer the question "how '

much'," you count units. To:find the distance between two treeso

you may count the number of steps it takes to go from 9ne to the _

other. Sometimes tliuntingfs done for you and you read ttk
result on a scale.

A meter is a unit of length in themetric system of units. %
1.

This system of measurements is used in most cQuntries of the\ world. In this book we will measure lengths inmeters and other

metric units.instead.of in yards, feet, anti inches.

cJ

Look at a meter stjck..% -Do you think a meter is longer or

shor4r,than one of your noimat steps? Find two or three people

in your class who can make their step be close to a meters-and

hayrthem pace off the width of the Classroom. What result do ,

they- get, t:, the nearest meter?
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Now hpie two people In the class measure, with a meter
stick,the width of the classi-oc5m to. the nearest meter. Does this
result, agree With the ones found by pacing?

,SECTION 2 CENTIMETERS

GReli Meters are useful for measuring long distances., but we need-/
a smaller unit of length for short diStancea. In the metric systOin
the most common unit of length, next to the meter, isa,centimeter.
One hundred centimeters equals one metek, Thus if we divide a-
meter into one hundred equal parts, we will have divided 14 into
centimeters. If yOu look at a 'dieter stick you will see that it is

V

divided into centimeters.

Look at a pair_of centimeter markers that are Next to each

4.

.other. The distance between them is a little greater than'the width
of a' pencil. A centimeter-gets -its name becausvcenti means "one

.

hundredth of," just as a cent is one.hundredth of a dollar. Figure 1

is a life-size picture of a centimeter scale going from 0 to 10 centi-
meters.

Figure 1

25'
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. when you use a meter stick to measure short lengehs,, you do

riot have to count centtimeters, because the centimeter marks Are hum-
,*

bered right o.n the meter stick'. 'These numbers doithe counting for you

upto 100' centimeters. The abbreviation for centimeter Is cm, SO we

can write '1100 Cm" instead of "100_ centimeters."

6._ Why doein't a meter_stick start with the 1 cm'madon the
ifft-hand edge? 0Nett

7. DesCribe how you would us/e a :meter 'stick to.measure, in
centimeters, a4jstance that is greater than h A. (The abbre,-

, viation for meter is m.).
S

-

9

SECTION 3 PSTIMATING LENGTHS IN CENTIMETERS 't

Here
:1the lengt jl of

-six teams of

to TheatFe.

length. .Two

twfre neares

rt

is .an estimation contest that will help you,to.think of

obtebts interms of centimeters.Separate into about.

eqUargtze. :*)w:teacfier will pick out several objects"

Ev.!eryone writes down an estimate of the'object's

students trom different' teahis then ,measure the obJe'cf

t centimeter, using a centimeter-scale.

tei.ch student finds how many' cent

small his r her estimate is, .

4 4

VI'

rich team adds up its members' errors for, its score for that

The team with the_object. On the board, keep score fOi. the game:

AiweSt, w

26
t
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SECTION 4 HOW TO SUBTRACT

JED,

There are several ways --to subtract. One way to subtract involves

V

Finding, your group's score in Section 3 calls for subtraction.

N"borrowing." Here is another way that you may find easier.'

,Sometimes ,fie larger digits in a subtraction are on top as
in 87 53:

0

- 87r-

34

Trouble appears whn larger digits are beneath smaller
digits as irr

572
38 a

-\I-lere you cannot subtract/the bottom digit from the top. To
get around this we add 10 to both the top and the bottom numbers.
We 'can do this because the difference between the two new num-
bers will still remain the same. On top we add 10 by making the 2
in the ones' place iritoa 12. On the bottom, we add, 10 by changing
the 3 in the tens place to 4. It loOks like this:

..r , 12.
57

NOw we can subtract:

72
4
38

534
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To check our answer, we just add to see that 38 + 5134 = 572. Here

is another example, 1738 487:

1738
487

We can subtract 7 from 8, but not 8 from 3. So we place a 1 in7,

front of the 3 making- it 13, and increase the 4 in the hundreds

place to 5 like this:
t3

1 7 8.,

.18 7

1'2 5 1

We can check the answer by adding. In this case, adding 487 + 1251

. we-get:

487
1251
1738

8 . You give a salesperson 75 for.a item, how much change
should you get?

9. In each of the following cases, how far off is your estimate?

fa) Suppose Your estimate of a length is 87 cm, and the
measured lengthis 123 cm.

Abi Your estimate is 85 cm, and the measured length is 63 cm.

(c) Your estimate is 39 cm, and the measured length is 57 cm.

(d) You estimate from a map of the United States that you
would have to drive 210 miles to get from Charleston, West
Virginia, to Richmond, Virginia. Actually, it is a 196-mile,
drive.

28
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SECTION S , DOES IT FIT?

Look at the drawing on the sheet of paper your teacher'gives
you. It doesn't' look like a trail, but we will call it that. As you go
from start to finish, the trail becomes narrower and narrower. Your -
teacher has the same trail cut in a board and' sliders 1 cm, 2cm,
etc., up to 10 cm long. Each slider can easily move along the
straight sections/of the trail until finally it gets stuck ina qomer
too narrow for it to get around (see Figure 2).

Figure 2
,%

Using /a centimeter scale, make measurepelts on y,our copy
.

of the trail to decide where you think each slider will get stuck.
Write on your sheet the number of the slider at its sticking, point.
The sliders are so thin that you don't have tccviorry about their
thickness..

.

.

.Check,your predicti9ns by trying the real sliders on the real
trail.

%

A-

........

2)
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SECTION 6 DIVIDING,A LINE SEGMENT INTO EQUAL PARTS
a

,

You will recall that we defined the centimeter by dividing a

meter into 100 equal 'parts. You may wondei1pw a given length,

such as a meter, can be divided into equal parts. Here is how.

Take-an index card and cut it into strips a centimeter wide.

Using a sheet of ruled paper (notebook paper will do just fine)

divide one 'of the strips into two parts as shown in Figure 3. Are

the two parts equal? -

Figure 3

YodcOuld check to see if the two parts are equal by mea----

However, we do not care how

ers, or inches., -or anything

the two parts are equal, so

suring them with a centimeteokruler.

'long each part is in units :of centimet

else. All we wish to knoweis whether

you can use e "ruler" without any markings. Figure 4 shod's how'

a sheet of tiaper can be used to check if the two parts are equal.

30'
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Figure 4

(b)

First mark off the length of one of the parts of the strip on
a sheet of paper as shown in (a). Then compare the marked-off

, length with the other part as shown in (b). Are the two parts equal
in length?

10. How must the strip be placed on the ruled paper to divide it
into three equal pieces?

11. (a) Divide a strip into three pieces, using the same ruled
paper you used to divide a strip into two pieces.

(b) Are the three pieces equal?

How many lin s would you need to divide a strip into
, (a) foLir.p4eces?

(b) five pieces?
(c) ten piedes?

(d) one hundred pieces?

A

31
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Divide a strip Into three pieces, using only every other line

on the ruled paper.

Are the three pieces equal? Are they equal to the pieces you

made in Question 11? ,Does it matter how far apart the lines are on

the ruled paper?

Now divide a strip into two pieces, using lines next to each

other on the ruled paper, Divide the samestrip using every fdurth

line of the ruled paper. Do you get the same result in bcith cases?

By folding the strips on the diVisions you can find out which

of the two divisions is\rnore accurate. Why do you think one way is

more accurate than the other?,

SECTION 7 NAMING SUBDIVISIONS OF 1 UNIT

A

Using the parallel lines on a sheet of paper, divide 10 strips

as follows:

(a) Divide each of two strips into two equal parts..
. ,

(b) Divide the remaining strips into three, four, five, 'six,

seven, eight, nine, and ten equal parts.
.c A

Consider one of the strips that you divided Into two equal

parts. We consider the whole strip to be one,unit long. Because
1

each part is one of two equal:parts', we can write its size as -2,
1 . ---,

meaning
2

of the unit length.
1 ,

;
. .) -

.In,the same way, for the strip divided Into three equal parts,
I

each part is i-"anclso on with the re

32

ining strips.
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The size of the smallest piece when a unit is divided into
any. number of pieces is called a dnit fraction. Therefore
1 1 3

4 10
and are, examples of unit fractions since they show the sizes

of the smallest pieces when a unit is dividedicinto two, three, four,
etc, pieces.

1Sincevit takes two parts of size 2 to obtain a whole strip,
we can write

1 1 = 1and 2 x
22

+21
where the x means "times" or "multiply." So 2 >< .3 means "2 times'

of
3," or "3 multiplied by 2."

13. What number would you put in'each box of the following equa-
tions to make the equations correct?

(a) 11 x
3

= 1 ,

(b) 5 x D = 1

(c) 10 X -1-1 =

(d) x
100 1.

I

:407

14. Take the two strips you divided into two parts each and place
them end to end. Complete the following equations by look-
ing, at your strips.
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15. 'Without makirig any additianql strips,
equations.

(a) 1++ + 1 +
2 2 2

(b) x
2

= 4

(c) 16 x
2
=

(d) X =
5

I

(e) 100 x io

complete-the following

i.1+
2

+
2 21 21

16. How'many strips would you haveto divide into equal parts to
check your answer to part (c) of Question 15?

17; By. placing the two - piece and three-piece strips together as
1 1

shown in F,igur 5, decide which is the greater, 2 or 3.

S

Figure 5.

I

18. Using other strips arranged as in Figure 5, decideNhich frac-
tion in the following pairs of unit fractidns is the greater of

-1 the two.

(a) 1 1
3 5

(b) 10' 5

34

4
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19'. la) Arrange the following unit fractions from thesmallest to
,

1 1 1 1 1 . ..the largest: , , , =- ,
2 5 3 4 10 .

..
ta ,. -

(b) When you increase the number of equal parts into which
a unit is divided, what happens to the size of each, pkt?

SECTION' 8 MULTIPIrE OF UNIT FRACTIONS

1 1 1 1 1 1+4+1+1- LHow much is -2 + -2- + -2? Since it
2 2 2 2 2

we can answer the question by iinang out how much . 15 x -2 is. We.
'know that the number 4'x 1 is less than#5-x 1;.., and 5 5(. 1 -' is less than.

2 21 . 4
,6 x

2
.

,

The symbol "<" is used to stand for "less than.", Thus

7 < 8 is read "seven is less than eight"' and 7 < 8 < 10 isread
. "seven-is less than eight and eight is less than 10."

4

Using tile. symbol < for "less than!' we write

or; since 4 x -1
2.

4x
2

x < 6 x1 1

2 2 2

='2 ank 1
6 x = 3,we can write

1 . .*
6 C 2 < 5' x

2
< 3

,
. . .

Therefore 5 x is between 2 tnd 3' and we can s y that 5 k 1 is26
"bracketed" byI2 and 3. .

)
. 4 ilk.. 1 -.Writing 5 x

2
is one way of saying *that we have five halves

5of a unit. An er way is to write Thus, 2 x -= ,, 4 x =
2 3 3 5 5'

8*
1 8

= .etc.'12 12 '

35

Or

4."



; 2 -14

8Expressions like 4 or are Ballerrrrgctions., The tbrp of a
5 12 , .

fraction is-caJled the numerator and the bottom is called the denotni-

o I -

nator.

Note that every fraction is a multiple of some unit fraction.

For,example,

4 4 x 1 8 = 8 x
b 5 12 12

5A fraction like -3 whose - numerator is greiter-than, its denOmi- ,

nator stands-for more than 1 whole unit.

We can write

5

3

,.=

=

1

3

-3
3

1

3

3 7

1

3

-2
+,3

+ 2

3 -

\1
,3

2

.3

"-

10

3 3

e see that 5 2
is # more than 1.. That

3 3

=
3 3

2 2 A 'We wally write 1 + ,as' 1, , omitting the plus 'sign.
2 2 ° 2.

3
(Note that 1 1- .) Since-1- Involves both a whole number

3 - 3

and a fraction, we say that-it is written in mixed notation. 4

°

.

.rs

°
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1

20. Bracket the following products with whole numbers.

(a) 7 x

(b) 11 X io

(c) lax I
5

(d) 3 x
4

21. Bracket the following fre tions ,in the same, way as in
Question 20.

(a)
s
4

(b)
4

5

(c)
11
2

22. Write the following fractions in mixed potation.

(a) 54-

(b)
2

23
10

'23. ,What fraction is represented by the following'numbers?

a) 1110

3
).

(c)

34
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24. (a) Which'of the' following fractions can you write'in mixed
1 2 3 8 6

p. notation? 3

22 3' 3' 3' 3
(b) Can you5write a fraction in mixed notation if the numera-
tor and the denominator of the fraction are equal? Can you
wr, a fraction in jmixed nontion if the numerator is a multi-

. prof the 'denominator? 4 ,
\ t

i(d) Nolte that the fractions 7

' 3

8
,

2

5 are all greater than 1
s\', 7

while
1 2 are all less than ).. How must the sizes of315 1,12

As
the numeiotor and the denominator of a fracetion compare when
the fraction 'fan be written in mixed notation'?

4

We can label the lines on our strips to sbow how large a part
of the whole ,strip we have up,to that line. For eXampLe: the first

strip you made can be labeled as in Figure 6(a).

0
z

2
2.

Figure 6(a) ... ,

I

e'l ,' I. ..

r r k

-Complet labeling the strip in FidUre 6(b), and then label akl your

ittriti's I this w y.

ti \

3

_y
0

1.
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I
If you put the two strips in Figure 7 together as shown, you

0 0 1 2 2 4can spe that 2 = 4;k 2 7-4; 2

'0 1 . , . 2

0
T

i

4 ,
2 3

4
4
4

171
'Figure 7

...,,
25. (a) Place the strip divided into fifths together with the stri7

divided into tenths: What equalities-like the ones above do
you notice? .4 <

(b)- Using your strips as above, find allthe fractions that
1are equal to
3

1

(c) On ydur strips, which fractions equal to -1-17?
9

u 10
t.

26. Complete the following eq-dations.

(a) -1 [:= D= LI6 9 30

1 2 3 5
(b)

5 -ID
(C) If you double the'umerator of a fr.gction, what must you
do to the denominator of the same fraction ii order to keep the
value of the fraction unchanged?

27. Complete the following equations.

(a)
6

6

El 4
1v2 .
6 3

(b) =
16 I

(c) If you divide the humerator of a fraction by 3, what must
you do to the denominator of the --aarnefraction in order to kl,p
the; value of the fraction unchanged? . ..

.
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. -If the lengths of the two,strips were not equal and one strip ,"

was divided into halves while the other strip was divided ,iritt'
2 , ,

fourths, would 2_of the first strip equal -ii of the second strip? ...
._

Use two strips Of unequal length'to check your answer.

O We can use fractions to divide- thing-s otherNian lengths. In
-

music we need to have a Way of showing how long a-note is,,,held.
- ,

We use different symbols to repre( ient different lengths of time. 1

ve`

i. 0 = whole note -
.. ,-- t\

half note
,

quarter note

eightinote

114 = sixteenth note

. .

As the name's of the symbols suggest, each note represents

half-as much time as the previous one. Wehave, for example;

Notep a%placed on a staff (a set of five lines), and are ,.
marked off in measures (groups of notes separated by veitTal lines)

it.
In Figure 8.,

. < .

a 6 Iril PT
a PM MI /1110F.4MiPin.W.'"Iiiii.I. ii. ii. . MN MN ..."11

M MO a
/6/11.40.- 1

MhAIMIMIMME
%..-

r
Figtirq,'8
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4The symbol 4 at the beginning of the staff is called the time
signature and meant that every measure MUtt*Contain the equivalent
of four quarter notes. Note that this is the .same as saying that each
unit (measure) is divided into four fourths.

The first measure shows

14 X
4

= 1 measure

(

The second measure shows

2 x + 1 x 2 = 1 measure
-4

1

29. Complete the following equations, using a singlet note as the.h.
answer.

(a)

(c)

J4-4J =

4+01' =

J+4J+J+.1

30. _Exprest each of the following measutes as an equation giving
the sum of numbers egy.el to 1.

1[11t-fE
EMININE=MIMINI

111111111111MIIMININI1 I r r
a): (b) (c) (d)
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31. Show a measure that represents

(a) 2 x.1 = 1
2

1
(b) 4 x

4
= 1

, 1
(c) +

1 = 1

2

1

+
1 1

(d)

(e) 2X +4X I
4 8

=1

SECTION 10 DECIMAL: NOTATION

1You have seen that fractions such as
4 35written in mixed notation as 1 and 1

10 100
fractions that involve tenths, hundredths, or

write a fraction yet another way. We simply.

4v
rfatoi of the fraction. Instead we use a point

point, to separate the fraction from the whole

14 135
10 or 100 can alsb be

Whenever we have

thousandths, we can
do not write the denOmi-

(.), callec a decimal

number.

.Look at the following examples of decimal notation.

-3One and three-teintA =. 13 7 = 1.3

Fifteen and one-hundredth = 15 - 15.01
100

7Seen- tenths 10 0.7

dive- thousandths =
5 - 0.005

1000

7

42



Note that the decimal point is a deiiiceto indicate the

Place of the ones. The number immediately to the left of the deci-

mal gives you the number of ones and the tens place is one step to
the left of the ones: Similarly, one step to the right of theones
gives you the number of tenths. The,place Of the hundredths is two ,

steps tp the right of the ones, etc.

Io

63 638.156
e 0 e e,1`

.3,, o.
ok qt900

co
(;), a1

ts.

Write these' fractions in words.

(a) 0.2

(b) 0.064

(c) 25.35

33. Write the following in decinial notation.

(a) 410

(b)

21
(c)

34. Write the following as fractions or in mixed notation.

(a) 4.67
(b) 0.001

(c) 16.36

(d) 16.306

(e) 16.360
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SECTION 11 MATCHING FRACTIONS ,

Spread the cards that your teacher gives you face down in

a reCtangular,arrangement. Two to four players per deck can play
this game. .A player turns over one caM and then another, reading.
aloud the fraction on each card. If they arevequal, the player keeps
them and plays &lain. If the fractions are not equal, the cards must
be replaced, face down, and it is then the next player's turn. When
there are no cards left on the table, the player who has the most
cards wins the, game.

SECTION, 12 MEASURING TO TENTHS OF A--cNTII/IETER

The smallest 'divisions on a meter stick or. centimeter ruler
divide a centimeter into 10 equal parts. (See Figure 9 Each part

1 1is, therefore, cm = .0 .1 pm. Each 0.1 cm is about
2

the thick-).0 ,
ness of a pencil.lead.

Pt,

inhrlinninn
,10

.
nuinniinirilitninninninninnuninniuninninr
2 13 14 151 16 17 18 9 110

Figure 9

1To become familiar with making measurements to cm you
10

can try the "trail" again, This time you will need to Measure thg
trail to 0.1 cm.



The_first sliders you will use have their length marked on

them but thiA time they are given to the nearest 0.1 cm. They ar

t
As before, mark the lerigth of each slider onia copy of-the

,
trail at the turn where you think it will get stuck.

Check your prediction with the real sliders on the real trail.

Now rep' at what you have just done with the sliders, but use

the blocks of di ferent.length and width shown in Figure 10.
, .. - .
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Make measurements of your copy of the trail to see where

the large, middle-size,, and sm$1, semicircles (Figure 11) will get

'..stuck. ,

Check your predictions.

^.4

Figure 1.1

(7:1.-74cm

0.6 cm
2.8 cm A

4.8 cm

5.4 cm

0..6 cm
6.8 cm

46

Z

r

7

o-

4
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How wide ca)n the block in Tigure 12 be and ki.11 get

r

ugh?

To find out cut out a rectangle of paper or cardboard 5.0 cm

long and Whose thickness is small enough so this slider paper can

jt get through the first turn. Try it in the real trail. Is it snug?

What is the greatest length you could have for the block in

Figure 13 and still have it get through the first turn after the big
.

-.circle? Cut out a piece of paper with your answer and try it(

r

.

.
Figure

1.7cm
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A. First, draw a straight line on a sheet of

B. Next, place a mark somewhere along a 'short edge of an
index card or another sheett of paper.

Now; place an edge of the index card on the line you
drew -on the sheet.of paper and make a mark on the
sheet of paper next to the mark on the index card. ,

C.

D. Move the card,along the strtight line to the right and
again make a mark on the paper next to the mark on
the card

E. Now, remove the card and draw a straight line through
the'dvo marks you made on the paper.

If two lines are 'parallel, they are the same 'distande apart
everywhere. Are the two lines you-have drawn on the sheet of paper
the same distance apart everywhere? If so,-w.haCts-this distance?

Draw two parallel lines that are 2.0. cm apart;

36. Draw two parallel lines,tliat are 3.'3 cm apart.
A

,
N 37. (lave a classmate measure the distance between the parallel

lines you drew in Questions 35 and 36. '

)8.. (a) Draw a rectangle that .is twice .. long as it is wide.
4 (b) Fbld your rectangle in half, end to end. What is the

name of the figure you now have ?''
II

1

\

7

4.

4

, .

a
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SECTION 14 SCRAMBLED SQUARES

'Carefully, measure and cut out pieces of paper with the dimen-

sions shown in Figure 15. (All lengths are giVen in centimeters.)

Can you fit'the pieces together to', make a square?. Don't turn the

pieces over, rust use them as they are pictured.,

2.3

4.1.

6.1

7.'7

1*)

inure 15

2.5

4.1

ro.z

7.7'

Can you-make 'a4quar froplthevieces In Figure 16(a) ?

From thosb in Figuie 16(b) ?'

£2.

11



1.6

2.2

3.5

50

z .

3.5

so

1.6

Figure 16(b)

4.0

6,0

2.5

SECTION 1 MEASURING MINIATURE MANHOLES

Imagine that the holes in the sheet of cardboard you are
giVen are miniature manholes. Youa going to make covers for.
the manholes and use them to find out something about the size
of the holes. ."

You can make a cover by fastening two discs together (Fig-

ure 1.7) so that one ,disc fits inside a hole while the other covers the
hole. Make three manhole covers, one for each of the three holes.

TOP VIEW

I
I i 44 SIDE VIEW

Figure'17
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E disc is marked with its size. From the sizes marked

on the covers you have made, what can you say about the size of

each hole? Can you bracket the size of each hole?

Try usin i different discs, if necessary, to'bracket the size

of the holes as closely as possible. Write down your results using

the "less than (<1 sign as in the following example.

Suppose w have a cover whose two parts are 5.7 cm and

6.1 cm. We don't know the exact size of the hole, but we do know

that it is between 5.7 cm and 6.1 cm. In other wordth, we can.

'_'bracket" the hole size between 5.7 cm and 6.1.cm. We can write

this as

5.7 cli\ El< 6.1 cm

where the Dcan be 9lied in with the size of the hole,. We leave it
however., because we don't know' exactly how big,the hole is.

How closely.haVe you bracketed the three hole sizes? To

find out," subtraCt the lower bracketing value from the upper bracket.
ing value .'"....

Which hole size are you most sure of? Which hole size are

you lest sure of?

Now measure and write *down the- size of each hole, Does'
T)

the, size of each hole lie between the brackets you found for it?

52

ti
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0 -

39. Supposeyou made a cover for a manhole from discs marked
4.8 cm-and 5.3 cm. Use Jfor the hole size and the "less
than" symbol to bracket the' hole size.'

'40. (a) A boy has an older sister who is 19 years old. He also
has a younger brother who is 13 years old. What might be
the age of,the boy?

(b) Use El for the boy's age and use the symbol " <" for
"less than" to bracket the boy's age.

4-1. A particularblock is too wide to slide through the part of the
trail that is 1.5 cm wide . It can,
part that is 2.4 dm wide . Letting

however, slide through the'
stand for the width of the

,block, bracket the width of the bloc .
, ,

SECTION 16 SUBTRACTING DECIMALS

/101
G4;',4 In the last section you had to subtract the value, of the smal-

ler bracket from, the value of the larger bracket. Since these value,,s
. .,

were given to tenths of a Centimeter, you had to subtract decimals.
. .

The important thing in subtracting decimals is to aIway' rine up the
rtiecimal points. Fir example, 100.0 93. & should be written

-100.0
93.,6

,
.Noiw you can subtract by Usinq borrowing, or.-the way described"

-OP

in Section 4 of this chapter.

7
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. , . , e,
.

.--- 42. What is the difference betweenr-17.8 and 20.0? ,,

10

4

43. 'Subtract 74.,5 from 423..7,

.44. What is 7b.2 minus 43.0?

c45.The two discs of a manhole cover gre 6.1 dm and 5.7 mfr..
diameter. What is the difference in their diameters ?-

46. Do the following subtractions.

47.

(a) 37.95-4.4
(c) - 105.0 `96.4
(e) 91.15 - 7.0411

(b) 198.1 95.3

(d) 37.6 21.0

Suppose-you have $7.00 fn your pocket, and you owe someone
$3.06. How much money dO you have left=after paying-What
you owe'?

ZiCTIOS 17 OPTICAL ILLUSIONS

Optical illusions are drawings and other wings that trick

your dye. Figure 18 is an example. Do th'6 heavylines 'appear -

straight or cury ? ,U_sd'ybur ruler to check your eye..

a C5 ical illusions,often fo your eye about-size. In Fig-

ure 19 e imate which of the two long, straight aine segments is

the longer. Check your estimate ,by measuring the lines.

NA

+Or
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V Figure 19.

Is the-hat in Figure 20(a) taller than-it is wide? In Figure 20(b)

.whictipencilis longer, the left or the right? r

Figure 20
. (b)

(a)
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Which is greater in Figure 2.1.(a) , the man's arm spread or

his height? In Figure 21 (b), which flower-has the bigger center?

Willa' boy is taller in Figure 21 (c) ? ,(What do you mean by taller?)

(a) \ (b)

56
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SECTION 1 TURNS. AND ANGLES

Gagz. Two line segments that meet at a point, as in Figure 1, form an
angle. One way of thinking of angles is to imagine a line segment
turning with one end stationary. The two lines of the angle indicate
the. starting and stojping positions.

Figure

If we think of the horizontal line in Figure 1 as the starting
position, there are two ways the line could have turned to get to

57



% . 3-2.

J

.
o

1

'S

the other position. We can put a curved arrow in the diagram of
. ,

the angle so that we will k'noW. which way the line turned. (See

Figure"2.) - ,
..,

q

Figure 2

Look at Figure,3. Because a line has to turn farther in

angle a than in angle b, we will say that angle .a is greater than

angle b. To measure angles we measure the amount of turning--;
c

/ . \ ..,
I

A

6

N

Figure 3

...

k

A
. \

. \
In Figure 4 note that the arrows in angles c and d indicate

opposite directions of turning. However, the amount of turning is

the same. In angle c the line is turning in\the same direction as
the hands of a clock turn, so we call this a clockwi e turn or rota-

tion: The turn in-angle d is a counterclockWise turn(or rotation.

.
53,
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i

,

,_.



f

3-3

Figure 4

If a line turns so that it 'comes .back to its starting position,
we say it makes a full turn. Figure 5 shows thre-e-diagrams of full
turns starting from different positions. Note that in each case,

.although the line has made a.full turn, it doesn't look as if an angle
was formed because the starting and stopping positions of the line
are the same.

Figure 5

4,*

To measure angles we Can use one 'full t rn as a unit for meas-'
tiring angles.

4

fl
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If an angle representing one full turn is taken as a. unit for
measuring angles, what is the size of the angles in,
Figure 6(a)., Figure 6(b), and Figutie 6(c)?

A

2. - The angles in Figure 6(b) are so common that they have a ..
special name. They are called right angles. Name some
examples of right angles you find in your classroom.

(a).

(b)

(c)

Figure 6

60

fit
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3. In Figure 7 decide, for each turn, whether it is more than,
equal to, or less than a right angle.

as
+

(b)

Figure 7

(e)

4. What part of a full turn ieach of the angles in Figure 8?
All the angles, in each drawing are the same size.

(c)
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SECTION 2 A SIMPLE PROTRACTOR FOR -MEASURING ANGLES

You can m simple instrument called a protractor for

.measuring angles. Trace a Arcle on a piece of paper. Be -sure

that the diameter of the circle is about 5 cm. Cut out your,circle.

Now fold your circle three times; first in half, then again

in half, and finally once more in half. It will look like FigUre 9 (.3).

While it 4s folded, cut off the tip of the point. 'Now unfold the

circle and draw lines-along the folds. It should look like Figure 9(b).

(a).

Figure 9

Pick one line and think of it as'the starting position for all

turns. Label this line with a 1'0" as shown in Figure 9 (b). A com-

plete turn from this line would being you back to this same line.

We Can represent a complete furn by the number 1. The other lines

form with this line an angle that is some 'fraction of 1.

Starting at the 0 line and going around counterclockwise,

use fractions to label the size.of each angle on the papA_



To easure an angle, place the center hole of your prdtrac-
. for over the c nter of the angle. Place the 0. line on one side of

the angle. The lace where the other side of the angle falls on
'the protractor give the size of the angle.

S. Use your protractor to measure the angles in Figure 3 and
Figure 7. If the angle ne between two angle measures on
yo.ur protractor, bracket t e measure of the angle. FOr

3ample, tf the angle is between 4 and 8 turn, write

O

14 turn <El< 3 turn.

., ''
You can divide your simple protractor into twice as many

\,......-- .angles as you have by folding it again. You would then have angles

which are half the size of the ones marked. Sometimes you may

wish to divide an angle into two equal parts Oithout folding the

paper or page on which it is drawn. _Here is how:

You can use.a pair of parallel lines to divide an angle into
two equal' angles .

-Lay a narrow straightedge along one side of the angle to be

divided' as in Figure 10(a). Now draw a line segment like AB that

is parallel, to the side of the angle along which the rule lies.
A

Figure. 10(a)
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Next,, lay the straightedge` along the other side of , e angle

as in Figure 10(b) and repeat what' yo'u h'aVe just done.

11"

Figure 10(b).

Draw a straight line connecting the point of intersection of

the parallels with the-point Of intersection of,the two sides of the

angle (called the vertex of the angle) as shoivn in Figure 10(c).

You have now divfded`the original angle into two equal parts or, as

is commonly said, you have bisected tke original angle.

I

4

4

Figure 10.(c)

.47
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Bisect each of the angles in Figure. 11 and give its size.

\\s---- 3/8 TURN

. .

4

,

Figure 11

SECTION 3 MEASURING ANGLES IN DEGREES

It is not usually convenient to measure angles as fractions
of a full.fOrn. What is cemmonly done is to divide an angle repre-

= sentinel one full turn into -360 equal parts c alled degrees (written. as
3 6(43); The number 3 60 was *probably chosen beCause it can be di-
vided evenly by many dif-ferent whole numbers. So nova vote can name

.many parts of a fulOturn with whole numbers instead of fractions'.
'It

...wogokf,!

.

2 x 180 = 3,60

3 x 120.= 3.6

4x 90 =
5 x 72 = 860

6x 50 = 360
9x 40 =360

10x 36 =380
12 - 30 =436,0

4110 .15 x 24.= 360

a
18 x. 20 = 360t ,,.

.etc.

65
4

4

O
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6. Starting at he 0 line, label the angles on your simple pro-
tractor in degiees. Write the degree name directly_ beloW
the fractional name for each angle.

o

7. What size angle, in degrees,_ is formed by_the hands of each
clock in Figure 12?6

I

(d) (e)

Use your protractot to measure at least five angles of.differ-
ent size in the bridge in Figure 13. If the angle falls between
two angle measures on your protractor, bracket the measure of
the angle. For exam le, if the angle iaXtween 2700 and
3150, write 2700 < < 3150.

410

Figure 13

a

.... ..

9°
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9. Draw angle whose sizes are
-(a) 90° (b 45° (cY 135° (d) 315°

10. Without using prOt ctor, figure out the ensure of the
smaller angle fornied by the hands of a ck at each of the
following times.- (Drawiog'a picture for_ each case may help.)
(a) 4:00 (b) 9:Q0 (c) 11:00 (d) 15:00 (e) 4:30

/-

e

11. When you bra-Cket the angles in Figure,43, how many degrees
are there between two neighboring brackets (two:noir*oying
folds)?

.?)

O Here's a way to measure some angles without using a pro-
. "-tractor,. Trace the Nir in Figure 14 and cut it out. Now cut off"-

the five pointg of the star. Place them side by side so thatthe
five points all meet. How large is-the angle at each of the points

Trace and cut outthree identical copies of Figure 15. By
placing the three copies carefully together, you can find out what .

4 -4,"each of the angles must be.,

,0

A's

p

1.

,4
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MEASURING ANGLES 40 THE NEAREST IDEGRE

06.

ti.
The protractor shown in Figure 16 is marked oft id degrees.

. from zero to 180. There are two numbers every 100 around the

scale. One set of numbers marks'idegrees counterolockWise from

right to left .4 The other set reads clockwise froth left-to right.

This makes it possible to measure angle's from either left to right

/or right to left, eliminating awkward or upside-Town positions of

'flie protractor.

a

Figure 16

Estimati An e
.

e into oups
.
of three four plays. Eaiff player'

draws a.card from the clef pli d by your teacher. The, player
tk.

drawing the largest angle plays first. Place the shuffled deck face

----Awn in the center of the table.' The first player turns over the top

. card. He estimates, the measur "ent of the angle by bracketing the
, ,

. .

angles, making the upper bracke 10° greater thin the lower bracket.

0

r

1

hti

a

63

e.
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The player to the left then measures the angle to the nearest degree.

If the first player,bracketed the angle he gets one point The next

'player then draws a card from the top of the dpck and gives his es-

timate. The game' continues until all cards have been drawn. The

player with the highest total wins.

12. What angle would complete the half turn in each case in
Figure 17? (An angle that represent& a half turn is called
a straight angle.) This question an be answered without
measurirTg. How?

(a)

(e)

(b)

7

(d)

(f)

Figure 17

4

N

120
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13. In each ca- m of Figure 18, what is the size of the angle
..-- that compleMs the full turn?:

t

)

e.

i

- ,

-(b)

e

. : (d)

1300

R

al

(e) ,

r
I ,

i,

.

i

.1 /

f4. Describe how you used your protractor ttO measure the angles of
the triangle in Figure 19 to the nearest degree.

.

c r
/

Figu're 15

I e
7D

, *

.. .

e

v,

c

1

ir

I 4
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a

15. Use a protractor like that in Figure 16 to measure the differ-
. ent angles in Figure 13. Do your' results. agree with those

you found for Question 8 in Section 3?

L6. (a) Are the angles a and bit Figure 20 the'same size? To
find out, measure them with a protractor.

(b) Do the lengths of the sides of an angle have anything to
do with the size of the angle?

Figure 20

17. Without using a protractor, make sketches of angles whose
sizes 'are;

:30°,/ 45°, 120°,. 90°, 155°, 85°, 270°

Check your drawings by actually-measuring with a protractor.
In each case determine how much your drawing is in error.

18. How many angles are formed by the intersection of two. lines?'
Are they all different?

0 Vertical Angles

.
toe) at the pair of angles formed by thetwo intersecting

lines in Figu e 21, HoW does the figure change if you.flip it over,'..
..,
left lo7right7 If You turn it upside down? 'Does this suggest to ,

, /,y u what angles pare equal to each other? ,WhY?

J
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Figure 21
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'Using the fact thatZA +G413,= 180° and GB +GC = 1800

we can show thatGA =GC. (GA,GB, and.GC represent the sizes
of these. angles.) 4.

..ZA'+ZB =; 1800 .

GC+ZB= 1800

Note that we cpn write either equatidri as

= 1809

where we write in the box the number that when aclided toGB gives

180 °. But there is only one number that can be added toLB to

give 180°, and soGA andGC cnustl)e equal.
, .

19. Can you show that LB in Figure 21 equalsGD?.

20. In Figure 22, without using a protractor find

(a) the sizes of all the unlabeled angles:

Z

(b) the sum of the angles,of

4

Figure 22

e triangle.



4

Make the triangles shown in Figure 23 and assemble thelV

into a square .

Figure 23

7

SECTION 5 THE SUM OF THE ANGLES IN A TRIANGLE

Measure, to the nearest degree, the angles of the triangles
ii Figure, 24 and put your results in a table like that shown in
Table 1.

41,

C

ti
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TABLE

'bangle , 1 2 3 4

.

,_
, Measure of I

Angles

. .

. .

,

,

.

Sum of All
Three Angles

Now rook at the sum of the measures of the three angles in

each triangle, What does -this tell you about the sum of the angles

of any triangle?

Now draw triangle. Measure the three angles. -What
is, the slit of these three angles?

Cut out a triangle and number the,angles. By tearing off the
.

corners of the triangle and rearranging the pieties, show that the

sum of the angles in your triangle is. 180°.

Can you fold the vertices (the .corners) of a paper triangle

so,tha they meet at a point on the long sideand show that the_ sum

of the an les of a triangle is 1800?

In the triangle beloW,L a +Lb +Lc = 180°. Why? It is
`also true thatLx +Lc = 1800..Why?- What can you Conclude about

Zx" and the sumLa +Lb?
fr

74.
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SECTION 6 PROTRACTORS AND ACCURACY

v: '
v0,24

Three protractors are shown in Figure 25. How large a gap,

in degrees, is bracketed by neighboring marks on each one?
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Cut a large triangle from a sheet of paper and place it On

top of one of the prgtractors in; Figure 25 and measure one of the

angles of the triangle.

Next, measure the same-angle with each of the other pro-

tractors. Which protractor do you think gives the most accurate

measurement of the angle?

.1

If you want to know the size of an angle accurately rounded

off to the nearest degree, which protractor '(or protractors) would

yoU use?
.#,

Use your commercial 'protractor to estimate the angle in

Figure 1 to the nearest 0..10-.

Put your answer on the chalkboard, next to those of your

classmates.

How far apart are the largest and smallest measurements
#

r

made by your class? Does this tell you how closely-you can bracket

the measurement of an.angle, using your commercial protract

O
I

A

As you can see from the scales on the three protractors in

Figure 25, the larger the protractor, the greater thif distance be-

tween degree marks., This is, not.the Case with a centimeter scale.

On any metric ruler, long or short, 0.1 cm marks.are.always the

'same dikance apart. By making it longer,- we cannot improve the
,

accuracy with which wg'read a centimeter scale: Special devices

are required to measure accurately to hundredths or thousandths,

of a centimeter.
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L..

A protractor is different. We can divide any half circle, no
matter how large, into 180 degree marks and fractionS of degrees.

_._

We can, therefore, make a more accurate protractor by making-a

larger protractor. There arelimits, however. If a protractor is
very large, it may be that we,cannot accurately extend the tides

, tof an angle we wish to measure. Our error in extending the sides
t

may be-greaterthan the angle bracketed Liy the smallest divisions

on the protractor. Or perhaps we can't line up the protractor with.
the eides of an enough.

""Th....
. .

Finally, there is a limitation in o* ability to make small
fractions,aCcurately on a protractor because of its manufacturing
process,.

3

As in the case of measuring lengths, there are special de-
.

vices that improve the accuracy of measuring angles beyond that

obtainable with a simple protract r,. In astronomy and surveying,
for examplp, specially desig elescops make possible the
measurement of anglesi to tin fractions of a degree.

/
a

---:-.--;------....

ANGLES OF ,REGULAR POLYGON81__V N.

What is the sum of the angles of a four-sided fig

The sum of the angles of a triangle is 1.80 , o we can find
the sum of the angle-s of any figure by dividing it itito the smallest
number of triangles (with no lines crossing).\ 4 .
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Divide figures like those belOW into triangles by drawing

one-line segments connecting any pair of Opposite corners.

Draw some different fo -sided figures and divide them

into triangles.

21. Into how few triangles can you.divide
ure?

four-sided fig-

22. What isthe sum of the measures of the angle of a four-
, sided figure?

/ 23. A figure that has all sides and all angles equal is ca ed a
regplar porgoii. A polygon is any plane figure boundeh by
straight lines, from "poly" meaning many and "gore" mea ng
angles. Here are some examples of regular polygons.'

O

a

How large is each angle In a regular four-sided figure?

24. How could you find the sum of the measures of the angles o
a five-,sided polygon What is this sum?

7s
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25. Into how few triangles could you divide the polygon in
Question 24?

26. What is the sum of the angles in a regular five-sided polygon?

27. What is the measure of each angle i,n a regular five-sided
polygon? >

28. Find the measure of each angle in a regular six-sided polygon.

29. Complete Table 2 describing regular polygons.

TABLE 2

Number of
Sides

Number of
s Total of Angles

Measure of
Ea.c Angle

v 3 1 1 x 180° ='180° 13 x 18 0 = 60°

4 . 2 2 x ).80° = 3:31° it 360° = 40°

5

6( .
.

30. Into hOw few triangles can an eight-sided

31. What will be the measure of each angle in
reiular polygon?

polygon be divided?

an eight-sided

32. Can you wri e a rule Or finding the sum of the angles of any
polygort?

33. C ou write a rule
al lygon?

the measure of each angle of a reg-
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SECTION 8 TILING WITH REGULAR POLYGONS s1

Niez, You may !lave seen pictures such`as Figure 26, which is a

drawing by the Dutch artist Maurits Escher. Notice that he used

the outline of a man to fill a surface without leaving any gaps., We
:

therefore,. design tiles 'in the outline of a man and use them

to tile a floor.

\

Figure 26 ,

\
b.

./
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Needless to say, tiles like the one in Figu 26 are diffi-
cult to design. Let us ask a related but some at easi' question:

Which of the regULar polygons we studieckin the previous section

c'buld be used as floor tiles Reniember that to cover a surfac

such as a floor we must be able to fit the tiles together without
leaving any spaces between them.

1

Using index cards (or sfiff pieces Of cardboard) draw one

of the following regular polygons on each card. Make the sides

dig each polygon eq al to 2 cm.
. ta) A regula

JO A regular
(c) A regular fi

(d) A regular Six
--)-"

(e) A regular vig

three-sided figure.

ur-aided figure.

e-sided

side

t-sied fig

Now cut out each o thiliptlygons as shown in Figure 27

anc\tape the cut as ildustra ed.

vat

if

(a)

Figure 2/.
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.Now, using the template the hole left by the cutout tri-

angle as a stencil, deterinine if a regular three-sided polygon

can be used to tile, a floor. To do this, trace the triangle, then
mark a point on one of the lierticesw(Figure 18).. Begin tiling by

filling in the space around that point with triangles.

FigUre 28

Wit h the same procedure you used with triangles, dete'f-

mine which of the remaining regular polygdhs can be used to_tile

a floor.

1'4
34.

S

I

0.-

fleUse your knowledge of the anglep of regular polygolis and the,
:resurts of the tiling you have rust done to answer the follow-
ing questions:

, .

ta)- Does the triangle tile the plane?

(b) How, many triangles meet-at the labEtled point?
4, 1,

: '
(c) W ha t.44-*e. teasure of each angle of the triarrgIe.'
(d) What is the um of.the angles around th_c

35. Using the tiling rests, er the four-questions 6f'Qusk::'
tiOn 34 for thvemaining regular olygons.

36 Fo the:regular polygoas that tile floor,' What is khe sum
.

.

dr-

of the angles round the rked point? A ° e

.11 46,

,(b) State in yoown w ds howyou could"determine, whether
it a regular polligon,wonld or'would not til-e a floor, witilotit trying

-

,

4
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SECTION 9 TILING WITH MORE THAN ONE POLYGON
v*.

0 .

In the previous section we saw that the only regular polygons
with which tiling is possible are triangles, squares', and hexagans.

-(4,Six-sided polygon is called a hexagon.) The tiling pattdrns using
these p61Y0-ons are notAry complicated.. 'However, if we use more
tharione offtheselpolygons we can get rather, attractive patterns?,
cTgure 29.shOwS part of a pattern using two squares and three tri-

-Tig1106 29
4

E'

angles meeting at a point. Draw this Patterman your paper using
the templates you ?

made earlier. 'Can you complete the design?,
Does every.pointindlude a corner Of two squares and three triang es ?
What is tpe sum of the ng'les at that point?

-
We can use polygons to tile a floor if the sum of the angles

-around a point is 360 degrees.

il

r.

I. .,
. ,

, . 37. There are lour other patterns that use two different polygons. , . 4/ . And two of,ttiern. ..

;

VIP

38,' There is one Pattern that uses three of the polygons yOu have.
What is it? 1.. ,

.4*
39. There is a pattern that uses twelvreysided'pollygoris and one

other,regular polygon. ,What must the other.polygon,,be?

-4`

e 83
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SECTION. 1 RUBBER BAND ,ENLARGEMENTS

o
.0

s'

Look at the sketch of the airplane in Figure 1. How would
1111C'You enlarge this sketch to.twice its siie? 'Would you have tp.mea-.

sure the length of each line segment and then double it? Not nec-
essarily. You can make.the enlargement with a pencil, 'a
band'and ponle adhesive tape.

ber

Place-a sheet of paper on the .page containing Figure 1 so
that the paper covers the page. Trice the eirp1aie tattle figure.

- . . . .. ", .

ft*

6

-I :
*OP

co 41. -

3
,

.!
' 0

.
84
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,..
. .,.

Now tape the tracing. to the edge. of a stable or desk as shown-.)
.

A
1 he Figure 2,40. ,Bury'one end of the Tubber band under a colipleof.

centimeters of tape along, the edge of the desk. .,
) I -, tit ..

s ''

'

.e)

:

IPP"

/0( .Stretch ,the rubbef band the t'ip of a-pehcil so that it is

10 cm long and-have a classtagte mark the !libber band at the 5 cm

'mark, the half.-way point, a s shown in Figure 2f45).

Figure 2

s

4

)

0 F""

(...)

0

,00./..

i.

eve
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.
Now, 'with ihe.Pencll point firmly on the paper, trace out an

J -
enlargement of the airplane. This you can do by moving the pencil,,
tier the* paper whiles keeping your eye on the lf-,way Bark to `
make sure it follows theoutline of the airplane t cing (Figure 2(c)).

'sl&

USe the rubber band method' of enlargement to enlarge the
nose of the a-irplane in Figure l ci three-times Its size.

*

SECTION 2 ENLARGEMENTS MADE ,F110/.t A POINT 5.

When you used a rubber' band to double the size' of a draw-
ing, you placed a mark in the middle of the rubber band. 'The rubber,
band stretched and contrbcted as you made the aenlargement. Hoiv-

1....4,gver at all times,/the diStance ft-op the tape at tht end Of the rub
ber nd to the,pencil was twf.7 the distance from the tape at the s

.end ,o the pe'ncimark.
.

1

1

8S

4 4 t
e

.ce

as
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. .
Because the stretched length of the rubber band was alwayg

twice that ofthe distance to the mark, you were able to make a two. ,

times enlargement: Fig-tire 42,shows, another way of enlarg. ing a fig-

ure. We pick any point P,, called the center of enlargement, and

draW straight lines'iromAt.,through each of the corners in the
-

figure./
7r.- t

in-turn (Figure3(a)). ',
AgUre 3

. '

a

Now,, to get-a two times enlargement, we do what the rubber

band wotilii have *e measure from the
111,..

to each
A 43
corner an the drawing, Thenwe mark

the exten.siori of the .lines beyond the corners

center of enlargement.

eguel 'distance) from. -

(Figure 3(b)).. -'
,

- N
. .. I , . r

, .- ..

Final lywe Connect the new,marked points to get a two times.
. . 4..

enlargenient (Figuie 3-(c)) . ;

.

f

8'7
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A center. of enlargement May be

4-5.

anywhere: below,
-above, enside, or an the figure itself. In Figure 4, the top corner
P.of triangle PAB is used as the center. First, we extend lines from
P through all other corners of the figure' (see Figure 4(a)).- Then we

:lobate the new point C twice as far out from the center P as the
original point A (see Figure 4"(b))z r We locate D in the same way..

,

A .111 ,7

-

4

I.
4

. t '

i
jri Figure 4 (b) :as sides PA and PB get'crou)led tclicles.k and.- . .., -

.4)D, i ABgels enlarged td, ide ID ..`rivee'a suie to seer that-,CD.iS two .'
. 1times larger Xhan,AB.

7.5

Each 'side

.W,heh a.figure'ls

Sorthe two sides
sides AB and CD

).: 4. .

' *

t.and its 'eniarge'ment are called corresponding side ..
,

enlaiged each pa,ic:of correspoogricksides paral
rieiryhe ,same stratht deck tolitte that
are parallel by, using the-procedure described

Section 13 of Chapter 2.
r

1

A
4
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J

DraW a square, 2 cm on a side, choose a point to-iiiesis
.

.
'

center ok enlargementnlargement and then make a three times enlargement.
,.,

Draw another 2 cm square and this time Choose a completely

different center of enlargement and again make a thwe.times

"lardement..

ment?,

0

Does it matter what point we choose for a center of, enlarge-

I

Trace the rectangles and ,points below. Double' each rec--;

,, tangle from the indicated center of enlirgthent. Rectangle 1 should '

be loubled,twide, Once from each center labeled "1. What kind of

antral do Yoil get?

4

41,

- 89

A

t

4



SECTION 3 REDUCTIONS FROM A CENTER

We can se the method,of enlargement .develo ed in the last
section to-also reduce a figure. We start with,the larger flag in
Figure. 5, then raw lines to any point P chosen"av 'center of re-*
duction. 'To g a one--..half reduction, we mark the halfwa.ypoint
from the center of enlafgment to each corner of the flag (seeFig-
ure 5). Connecting these paintewill give you a smOler flag that
is the sate shape as the original, but half as large.,

'

Figure 5

ti

4

4

- 4 r: 1 - --;
How do we find the halfway pointon eali lile? We,c,an ,.

use the same, method we used to suhiv-ide the strips in Section 6 - .

of Chapt.,,,,.... We place a.sheet of ruled'paper'tind'eithe figure,. '72

then adjust a ark the halfway poiht and repeatthe proceSs for..

ea)sh Segments.

9

90 A A

".-:***-

ti

Air

fa,
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1

"Ake quadrilateral, B, in Figure 6 is a reduction to one third

- the size of the quadrilateral .A.

. .

.

1
40%

o .

,

Show .by measuring that each side of quadrilateral (Figure, 6)

. is otothird of the lerigth/of.the corresponding sidepfquaziril eral A.

Trace the figgre and the.center of reduction in`Frgure 7 and,

reduce the figure to one-third its size.
1 .

'y-

. a,

we



. Figure -7

4tir

SECTION 4

\
-

When a tigur is enlarge\lthree times, all, lengths of the
original,figure are I plied biqee. Similarly, when a figure-._
is reduced te one -ha original Vize, all lengths of the original

,

figure are multiplied by one alf. he number by whicliwd multi-
ply thePlengths of the original tare\s called the scaling factor:

;
newngth = (scaling Tador) x Original length). \ 4,

,

tN,--his equation is read from left to Afhtlike any other Sen--. .

. outwits.tence in English. However, when you carrr instrubtions,
5iou go from r eft. TKus, the equation'saYs: ke the.
orianal lenath,, and muttiply.it y factor. The oductr
IS the new length."

A
'Going from right to left in carrYing out the irritctions

- given an equation is standard procedure in rnathes'itics.
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11.1 i

1. What scaling ctors have you applied in your enlargements,
and reductions s far?

, J . (
. .. An enlargement of a riangle is Made using a scaling factor

' 'of 5. If one side of t e original' triangle igN\9 cm. long, what
Yi is the length of the co sponding side of the enlargement?

. A scaling factor of 5 is' us d in making an enlargement of a
snapshot. If a tree in the e lacgement is 15 cm tall, how
ta4 Was the tree in the "snaps\hot from which the enlargement
'was made ? , --

, 6 \
\.

A -10'

i4 Fig ute 8 shows three kites..
\ ,

(a) If the kite in Figure 8(a) is the original, what scaling
factors were used to draw Figures 8(b)\and.8(c)? .

(b) ti:le kitein Figure 8(b) is the origial; what scaling
factors were used to draw Figtnies 8(a) and\8 (a) ?

. ,

(a) Figure* 8

vy

fi

)

$

s

4,

r 4")

, ti

11

, \
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- ),_,-
} -- ,5. A car on a photographic slide iienlarged by a slide projector

iby a factor of 47. What is the lesot 'of the car'on the slide
if it is 94 cm on the screen?

(

6. For each pair of triangles In Figure 9 find the scaling factor
.

from the small tothe large triangle, and from the large to the _
. small triangle.

.
,

,t ),

. ,
.7. how does the size of each angle in an enlargement or .a reduc-

: tion compare to 'each angle in the original? Use a protrSctor
to compare.corresponding angles in eadh pair ofitriangles iri'
Figure 9.

1

i
r

S

i

,

,..

. -.

\..

...

AP
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' "NI, .'N'StOT.ION 5 A SINGLE .MULTIPLYING -$EVIC,E

8.

4-12

Wheri you rriditiply the length of eaol6J.4e of the ,triancjia i4 .

Figure 10(a) by three yoLupt Figure 10(b). When you add 3 cm
--to the length `of each side in Figure 101a) you get the triangle
in Figure 10(0) .." '

(a) --Are the-atgles in Figures, and 1Wc the same as the
cdrrespondihg Ongles in Figure 10(a) ?

(b) Are both FigUres 10(b) and 10,(c) enlargeRrents of`Figure, a)?

sl

r
A

In Sec n 2, Figure 4, a triangle is enlaryeddtising its iOp,,
P, asthe-center of 'enlargement The eriTa d side CO is parallel

to the corresponding Side..LCB. ,;

e,
-, , , 72

Instead oof beginning with a center,Of-enlargemeptand enlartg7

ing one Side to a 'corresponding-. side, Wb. can reverse 'the prOcest s.
. t

,We can take pair of parallel. segmenti and -find a' center of'enlarg'e-

ment.
I

11(a)' shows two parallerlihe segments. The f t is

4,1 cm long. the second is 3 cm long:- To, find a centli.from441-th the
.

a.

r.
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4

cm segment eiflarges to the 3' cm segment, we dra tiqtnes cOnnect-
.

the endpoints of the egments. The point of interse-ctin of thtse
lin s, P, gives us the nter we are looking for (Iligure 11.(3)}:",,,The
sca ing factor for thi-s enlargement'is_L

Figure, 11

ti

V

V'.

42-

0.

V

nter ofrIenlarge

(a) (b)

an <interesting property. :It'
can be sed to enlarge s ents of any_lengtli by a factoi'Of3, as

,
:...,-4,.long a the segments are extensions, or pikrti) of the original seg- ,J

),ement . Figure:12 shows the two`paralleI segments extended. We,4

Inow/draw a line from P that dosses both, parallerdines (Figure 1.3).
Then cc is three timed as long

J
Figure 1.2 4

1

Figure'4,3

a

, 4



Since oth lengths are expressed by numbers, we have con- c"\--

structed a device that multiptieg numbers by a factor of 3. To make

=wit theeasy to use we mark off scales on the two parallel lines.. Fig-

ure 1.4 shows 'how we can-use this device to find the product

3-x--(2. 5'). We,dan Straw a stra)tht line from P thou the point

labeled 2 .5.on the upper scale. We continue the line until it hits
the lower scale. This' occurs at 7.,5, which is the product3 x

. te.
segment on the upper scale with-the ends of the 0 to 2.5 segment o n

tthelowerscare. Ex en&th, lines until they cioss, and you have the

111111111

0 1

ti Figure 14

'11111111111 11111111111111111ni111111111111111,111'11111i11111111111i1 111111111

,/ _
1 I e

I ,2 .3
k.,

.., 5 6 7 8 ,9 `10
fr

IIII11I 1II, 111111111111mIIIIIIIIIIAI1IIIIIIII111111111 111111111

0 1 2 3 4 5 6 7 8 9 10

This process works because we are really enlarging segments
so that

(neik, length) = (scaling factor) x (origihal length)'.

--'\,We can use this method qf constructing a multiplying device

for, any multiplier. Suppose the multiplier is to
.
be-2.5. You start .

with the two parallel, scales. You connect the endpoints oi the 0 to 1

new center, P, for multiplying by 2:5.
,

1/4
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it

)

I

Use ruler on Figiire 14 to find the products 3 x (2.D), 3 x (0.7),
and 3 (2.9). .

#
et

,
10. Use a.. tQer on FigUre 14 to solve the equations.

. 3 >, ri = 6.0; ,3 x = 5.7 A i 'and 3 x' 1-7= ii. 2

11. Construct a device to multiply any number between 1 and 5
3

-by .

- . r
12. One iich equals 2.54 cm. Construct a device to convert

inches' to centimeters. (
AP

a

.13. The perimeter of a circle is given (very nearly) by the formula

1 perimeter = 3.14 x (diameter) ,

Covi4truct a device to rapidly find the periMeter of any circle
,.with a diameter'betweeni0 and 5 cm.

14. In 1974 one German mark was equal;to about 0.40 American
dollars. Construct a device to convert prices in marks to,
prices in dollars. Use your device to' obtain the price in
dollars of an item that costs 96 marks?

114

I

- -
15. Could you use the device of Question 14 to convert prices in ,

dollars to prices in marks? i
. ..

i16. If tl.ke scale of Question 14 extended only to 10 marks, could
it be us d for conversions up to 100 marks? .What woad be
the Pri e in dollars of an'item Which costs 9-6 marks?

z

#

L
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17. We connectedthe segment from Orto 1 on the upper nurnI5e1-
i , . line to th,g,,segment from 0 to 3 n the lower nuenbecj/ind. to, ,,

get the, center of,enlaigement in Figure 12.. Are there other
;,,,

; segmentsthat 'could have been used to find thiscenter?

°

.

Illustrate with a drawing.

1:9.. Is the distance betweenthe two number lines important in
th'e multiplying devices?, .

,,.

S'ECTI'ON .6 I SIMILAR FIGURES: SCALE MODELS

Imagine that you havea photo end an enlaltgersent of the
4

photo. Certainly theenlargement remains an enlargement regard-

less of how ,the page on which it is printed is turned. Just by look-
,

. . ,

. ing at two photos, you can tell by eye whether ore is an enlargement
2,..

of the other or not.

1With Simple geometric shapes, hc)wev'er, it is not alway.a.-

INS 9 ry-1.0 spot an enlargement. If a shape is turned or flipped
.

. .
over, it may 5

ioke difficult to tell by eye whether one is an enlarge-

.ment of the other.

1
Figure 15

,99
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I

Is one triangle in Figure 15 an enlargement of the other?

Apparently it is not. It appears- as if AB is reduced to DE, while
BC enlarged d to EF! . _J

Actually triangle DEF is an enla'rgemdnt of triangle ABC.

-To see that this is so, trace the two triariglesfid° cut out the

copies: Move the copies around' (flip over if needed) ,until you

can see thatthe one is an enlargement of, the other.

Two geometric figures, one,of which can be shown to-be

an enlargement of the other, are called similar figures.

Lin
19. The pairs of shap s shown in Figure 16 are not similar. Ex-

plain why. ,. /

ay.

10,-
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N

11.

)
, -420. The pairs of shapes 1n Figure 17 are similar. Describe how .

to move one shape to make it look like an enlargement of the
other.

Figure 17

1. all.
s-

I
21.. Which of the pairs in Figure 18 are pairs of similar figures?

Trace and move to find a centelLbf enlargement to test your
answer.

"----.....o

. ,
/

1

.

c

-\
. c

1o1

.."

1

/

t

0

1

'.

.,.
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I

There are three triangles ip Figure l9; two of these triangles
are similar. Which two are they?,)

.
,

r

.

..,

,,.
..

>

One often makes a small scale model of a'..,shlp or a building. .

before it is Constructed. This allows people to get an idea of what
thereal ship or building will look like.

By making length measuiement on the scale model )1rid mur-
A.

- .

tiplying them. by the scaling factor, you cancalCulote lengths on
like real thing. i.

.. r

f
23. (a) The length. of a model car is 19 cm.

al car?
cm \,eThe real ca is-10

times/larger., What is the length.of_
,_.....,..0....:.

(b) If the''clestane froM the front .bumper to the win shield. isf 1

$

5 cm on the rpodel, what is the same distanceon th real car?
, .
, .

25
1

t :24-. (a). A scale mod-el b6at is the size of the actual boat. If :__, ..4 ,
the length CI the model is'75 cm, what is the length of the

. .

. -
,..,

C ,

0
t t

4. actual boat?'" l
.

,
, I '.

(b) If fhe height CI the model is'26 cm, wliat is the
?he ad .ial boat? ,,

. r

e-

4

I'
. ..

. 1
.

0,Z'' sr
. : . .

I.

...

height of

c.
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t

25. (a) An architect bdilds a model building whiph is
48

of the
1

actual size building. The width of the scale modek of.the
building is 56 cm on each side'. Can the life size building be.

( .

constricted on a lot that is 24 meters wide I

- ,

(b) If the model has 12 floors, how many floors will the life
size building have?.

126. An architect builds a scale model home of the actual 'size.
24

A 12cm block is added onto the model hothe for.the garage.
Can the garage contain two cars?

27. Bouwen Building Company -makes billboards that are .80'times
bigger than the picture of the. billboard orpthe cover, of this
book. .

(a). About how Many meters of wood are needed to make a
frame ihatgoes around the billboard?

(b) If 'diagonal bp?ces-are pliaced'along the back; of the
'Jr board-for extra strength, abaut how long must 5ne diagonal

prace be?

28. A boat.s 9 rn long, 12 m higgh, and 2 m wide. You have a

scale model 1 the size of the boat. What dimension's would
10' ,

y.9ti the to make fa rectangular glass case to.hold the 'model?

V

29. Trace Figure 20 and make four cut-out copies. Arrange the
copies to form a larger similar figure.

0
. f

30. °There are eight different size triangle s in Figure '21 that-are.
similar to the smallest triangular tile. Can you'fin-el them all?

I

103;





I

it.

*

if

b

/
31.. How many

4' to the,sma

.

I

, .

4-22

N

ifferent size figures can you find that are similar
shaded tile in Figure 22?

Figure 22

. ,
I..

.

SECTION 7 ,', STAIRCASE MULTIPLICATION o. r

I : I
-- t

If you'make mistakes in.multiplicays::',n because you cannot

remember where to place the numbers on the paper;'' here is a way
o

to help you. The idea Is to draw "staircases" on paper before you''
begin to multiply, so that the numbers'will automaica?ly fall in the

right places. You also do not have to worry about carrying except

when you add up, columns at the end of the mUltipliCation.-. .

,--

4g

e 1 1,1 5 ,

/

/

z

d

`r--.....

N

f

7

.7
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Suppose you wish'to ,Multi.ply-574 by 6. First wiite the num-

bers down as shown in Figubte 23(a),

Figure 23 (a)

5 74
X

Next, Make- sgme vertical columns and draw a Staircase as,

shown in Figure 23(b). The staircase has three stepS because the
top number, 574, has three digits.

(b)

5'

,

Now start multiplying from the right. First, multiply 4 by, 6

to get 24 and place the number 24 on the top-step as shown in Fig-

ure 2/(c).

5 7

2

4

4

4

4.>
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.Next multiply-Vby 6-to get 42 and place it on the second
.

stair as shown' in Figure 23(d).

(d).

}

5

x

4

74
6

24

Finally, multiply 5 by 6, put the result, 30, on the third
step and then add up the columns to get-the answer (Figure 23(e)).

o

(e
X

4
0

7

2

4

6
4

4

%ow

s.

Suppose you wish to multiply 574 by 36, a two-digit number.

Because there are two digits in the bottom numbers you need,
-,,etwo staircase's one\fer-each.of the two digits. The,fiztt staircase

.

starts in the column -under the bottom digit on the right._ The °second

staircase starts in the column under the bottom digit on the left.
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Figure 24 (a) shows the two staircases and the multiplication by the

first digit on the right. This multiplication -has already been shoWn

Figure 23(e). \ If is shown again in Figure 24,(a), but the columns

have not been'totaled because the problem 'is not fihi'shed.

(a).

Figure 24

a

...

,

.

i
OA4

r
... /. .

In Figure 24 (b), in addition ,to multiplication by the'first
. z e

digit", the multiplication by the digit on the left is shown. It is
done the same way a.s before. .First, you'rn'ultipl-4 by 3 and, put

k.--.4.,
the prodOCt, 12, on. the first step of`the.seCond staircase as;shown

in Figure 24 (ID ) . Theri you place.the product :3f 3 X 7 = -21 on the
. -

second step- and the' product 3 x 5 = 15 on the lastlstep-..-
. . . -7,

,
..

2

4
0

7
3
2
2.

2

4
6
4 i*

Addling the coldmns gives the a)-Isweilebx

e)

'1 ?

"a

v
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Use staircase multlplicatiOn totind the answers,to the:
following questions.

,,
32: Which rivould you rather ha0e, nine quarters or 2,75 pennies'?

. .

33. In doing the multiplication-

375
x 24

(a) Why will you use two staircases?
(b) Why will each staircase have three stepS?
(c) Do Tcenultiplicetion .4nd have a classmate check your
answer..

'34. Multiply 34 times 56.

)
35., Which would you rather have,' 55 quarters or 265 nickels?

1

361 Find the product of 574'X 306.

37. A newspaper jfiresis prints 735 newspapers in one minute.
Flow many does'it print in an hour? I

I

SECTION 8 GRID, ENLARGEMENTS

Here is a way to make enlargements and reductions without

ga center of enlargement. We draw a grid on the figure we
Oltsh to enlarge afi shown-in Figure '25(a)*.

1. t , .
a

3.6-trCar -*`.4
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NThe enlargement in Figure 25 w.as,made*by copying the part

Cf the heart in each square of the Small griA in FiFuce,25(0 onto i

the corresponding square of the larger vie' ((Figure 25(b)). The num-1

bell. and letters on the grid are to make it-easter-to,find each square

on the large grid that corresponds to each square on the small gri

B

C

D

,

F

G

Figure 2g

(a)

1 2 3 4 5 6 7

3'4 5 t6'

A

B

C/
D

F

G

7

.(2)

2 3 4 ), .5 6 7

re

/A
A

B

C

D

2 3 46' 6 7

C

F

G

Homemakers occasionally copy designs for stuffed toys' and

pillows 'by this technique. 'First they enlarge the design onto news;

paper, and then they cut through the newspaper and cloth at the

same time to get the pieces that can be sewed together to make the

.toy or pillow.

ti
'113
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iT
Enlarge the pattern for making a stuffed elephant that is shbwn

in Figure 26. Begin by making an enlarged grid on a sheet of 'graph
\ ' paper, Label the grid squares as in-Figure 25. Copy each square1. r x ...

-' of tthe picture on the corresponding enlarged square of-your grid.
--- --------------- - --1/2-.. ._ '

.

B

C
E

G

H

Kt
L

N

. M

0
P

R

S

I 2 3 4 5 6 7 8 9 10 II 12'13 14 15 16 17 18 19 20 2; 22 23

EP"al'Ellocisao maffammemom
mom M MNEUEEMMEAMOW
WE OW - MIME'
MU 'MitlEa =NM M
1:1\ -namemmeammiliams
OdESEMMII`SENE WE!!MEM ZEMIN .11 WM

MUM MA' A
.11 mamma' it/NOM.UM MI
NICNIMM V NI ME E
IA MEMUM IngL my
mamplawg I Iii

IMMIWIVA MENNEW MI
M11 M WIE t,/ MP
MI'qui" iill WIEN N
IIIMPANEn WZIMME

MIIII
2 3 4 5'6 7 8 9 10 II 1243 14 15 -16 17 18 19 20 2122 23

4

Figure 26

111
.r.

A
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G'

H

1

K

N

0
P

Q
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SECTION-1 A FLOO12-15LAN:----A -OF--.:MODEL

vo)
VAT Before people construct a b

i)40,24,
P.

v.

lding they draw a reduced floo

plan to show size of rooms, corridors etc. Figure I is such a
floor plan. It shows' part of the building where this book is being

written.

&floor plan and the real thing are not'similar.figures in every

detail. All the lengths arld widths of room and corridors are-scaled

. reductions. The thickness of the walks is also reduced by the same

scaling"fector. However, the doors 'and window6 themselves are

. simply indicated by lines and pairs of lines, giOing their widths
0

9
without regard to their thickness.

The scaling factor used in drawing Figure 1 is 71 E. That is,
1

g1,m or 100 cm in the real building appears as lo x 100 cm = 1 cn)

in the drawing. *length of 2 m or 200 cm in the real building wild
' 1appear as

100
200 cm = 2 cm, and so on. °Thus, a scaling factor

1 1of
100 100

is 'very convenient; the multiplication by is carried out.
simply by replacing meters in the real building b centimeters oh

the drawing.

112



U)
a

r

OFFICE

0

OFFICE°
WM.

OFIFICE

UTILITIES

DARKROOM

E D I T+N G

LABORATORY
I

Figure 1
ir

23



or

4 .

A

5-3

c

Going from the drawing to the real building We havean.en,

lar9ement by a scaling factor of 100. That is,. everi centimeter on

the drawing equals 100 cm Or 1 m in he building. here the multi-
. ---\

plicatiori by 100 is done^byreplacing centimeters o the,drawlnq

X meters in the real building. 'This is true for an length,ih. cen-:

timeters, whole numbers- orfraCtions .
( . f

Trace the flooi plan of the Ldboratory in Figure 1. Suppose

the Laboratory in the floor Plan is to be used as a classroom. Mea-

.sure the lengttrand Width of your-teacher's desk and your desk in

meters. How late would they be on the floor plan?- Make pencil
.

sketches or cut out the scaled pieces. of4urhiture to show how you

would at the fclassroom. ..(IDon't et the aisles.)
ThR typing office has two desks 1.50 m long and0.75 m

wide, and two typewriter tables 0.75 m long.and 'n. 50 m wide.

''Each desk has &typewriter table beside it. How would you arfange

the desks and tables in the most practiN1 way?

e.
0.

o %

1. A table.is 1.5 in long and 0.8 m wide.. How long and wide
would-you draw it on the floor plan?

2. A window is 1.3 cm wide on the drawing. HoW wide is the
real window?

3.

4.

How thick are the inner walls' in the building? The o ter
walls? The 'pillars?

7

The darkroom has a 0.75 In' wide counter alOng one wall. If
a similar counter is placed on the opposite wall, how wide
will the aisle between them be ?

S 114

;

ti



. One office has two outsidd windows. What is the. distance
between them?

6. .Could three display tables 0.8.0 m Wide and 1:86 m long be
placed in the hall next to the darkrbom and stLll allow space,
for walking ? How, much?

7: The L-shaped figure next to the darkroom is a bench. 'About
how many students will it seat?

8.4 A student wishes to draw a pla
1

n f his neighborhood. The
area in which he is interested i a rectangle of length 250 m
and width '150R.

(a) How large a sheet of Paper does he need if he chooses

a scale of 1
i

(b) d a scaling factor of11000
be small enough to get

the whole neighborhood on a heet in your notdbook?si

p.
SECTION 2 A SCALED MAP 01. A NEIGHBORHOOD

To 6t-lhe floor plan -of part of a buildingiFigurej) on a

pacj, of this -book, a reduction by a scaling factor of 1 was .

.100
needed. To get a scaled plbn of a larger area on a page of the

same size will require a larger reduction. That is, the lengths on
1the di.awIng must be less than

100
of the real lengths.

Figure 2 -is a scaled,,map of Day Junior High School and

other buildings nearby. Oust as in the case of the floor plan (Fig-

ure 1) this map and the real tiling are not similar figures in every

detail.. The lerigthS and widths of buildings, sidewalks and streets

are scaled reductions. However, trees, lamp posts, stairs, and .

other details are not shown at all.

r°

V
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1 . .

The 'scaling factor used in drawing Figure 2 is 1200'
Th4

,
! /

,

to findAa real length we have to measure the. corresponding length

on the map and multiply it by 1200. Multiplying a length in centi-
..

meters_by 1200 is best done in two steps; first l'Od and
. . .

---------then by 12: Thp..multiplication by 100 can be-done751i replacing........._ ............... s... ..C.C.t...

centimeters by meters,. Now yoq are ready forthe second steps,'
.., - ..

. ,

. ,

which is to .multiply by 12 to get the real 'length.

Here an example:. the length of the Pt st office *(along

Maple Avenue) on the drawing is 2.3 cm. How
:
wide is 'the r101

building? Multiplying 2.3 cm by 100 is done by replacing 2.3 cm
.

by 2:3 m. Now multiply'by 12 which gives 12 x 2.3 ri 27.6 m.

.

9. (a) How wide is Main Street?
(b) Will a marching band witti eight people abreakiDe able
to march down Main Street?

10. How far is it from door it on the. juni%High Schoolito-the door-
of the post office going along the sidewalk on Junior High
School Road and Chestnut Street? 4

.

11. (a) What is the shortest distance from door A to the ide
cream shop? , : .

(b) How many meters do'yott-save by going diagonally acr4F
the field rather than along the sidewalks? ..,.

11 ,

2...

.-
,\12. If you run aro dthe block where Day Junior .t-ii0 School is

, 41. Ci

located, hol2 fa will one trip .be-? ot

13. Can you make a 10 m loop around the edge of'the parking lot
with your bike? How about a 250 rh loop?

. I / .

-



*.

I

I

5-77

: 4 .../. <

14. A footbalUield. measur 50 yds b 120y.ds. This Is about 48.m..
by p108 m.. _Will one f t in the space marked "field"?

15. many meters of lenciag wourdp-6 needed to enclose the
f ield?

V9

16: Could Chestnut Street,be, a two-lane street with parking on
both sides? '''

1.7. Which is wider, the side alk outside your school,
sidewalk on hestna Street? By how much? <

,18. In Figure 2 the block befween Junior-High Schpol Road and
Maple Avenue ctn long. What is the real distance
expressed i centimeters? 'Would you ever expreps`Guch ,

. large dis rice in cetntimeters?.. Why or Why not?

.1

a

4

SECTION 3

taez,

METERS- AND DOliLARS''

Lengths on a sc ed map ate conveniently expressed in cen:-°
timeters. Lengths of
pressed in meters. When -ehlargingJrom a-neighborhood4nap,to the ,

real 'world, we change, from cents eters to meters ..1 This-saves us
the trouble of handling large numbers. Wg can ayoid large:nurcrbers°,,

. .,,
in a similar way when multiplying' amounts of money extiressed'in,, . .

1 - i.
. #.

'Non

cents. The reason is that 1 cent is
100 of a dollar, just as 1 centi,

1
meter i,s ---100 of a meter. Here is an example.

wilding or distances along street's are ex-. 4 r

A pencil sells for 14 cents.. A box contains 200 pencils.9

How much does the box of pencils colt? the 200 acts like'a scal-
ing factor. To find the cost of 200 pencils, we multiply the cost
of one pencil by 20.0.

.1,

4
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1

',As we did in Section 2 we shall do the ultiplicati,on in two

steps; first multiply by 100 mid then by 2. The multiplication by

100 Is done by replacing centsJoy dollars. Now multiply by 2 to

get the 'answer. J
200 x 14 cents = 2 x 14 dollars = 28 dollars

1'9. Express in dollars

(a) 600 x4

(b) 300 x

(c) '1000 x

(d) 6700 x 80

(e) 14,000 x 33

(f)'31,000 x

20. Find these products in dollars

(a) 600 x

(b) 300 x

(c) .400 x0.2.

..t(d) 100,0 >c,,0.3

(e) 200
-4

1200 x

'10

hf

21. If BIC pens sell for 19 centsleach;,how much will 1200 pens
cost?

4 t,
22: At0a school book store, ruled paper costs 0'.5.for each

sheet when you buy 100-sheet pads.

(a) How Much does each pad cost?
4

020 How mildhwifIl it post for your class to have o e pad
(0f 100 Aeets, for each student?

-119

.
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23. ' Nails are sold in la e numbers. Each nali may cost less than
one cent. A certain tail casts 0.3 -cent.,
(a) How much bag of 15,000 cost?

/b)-IFIblv m-aliyriall-g-can-bught_yvith, three cents ? With
three dollars?6

'

SECTION 'APPROXIMATING PRODUCTS or WHOLE NUMBERS
V

I :I Nistakes in multiplication happen. Therefore it is useful to
be able to spot at leait those which produce unNisona e results.

I. I

For exaertple, is if possible that 2'3 x 380 = 190 To find

out round off 23 to 20. Similarly round off 388-400. The prod-
uct 23 x 380 must be close to 20 x 400. ere is a good way of
multiplying 20.x 400 without 'paper and p ncil. Start with 2'x 4 =8.
NOw,

°

what about the zer6 'I 3

The zeros in each number tell us whether the digit in fro
of them is in,the tens, hundreds, or thousands placeALThts.the_2

in 20 stands for 2 tens. The',4 in 400 stands for 4 ht.Meds. To
complete the multiplication of 20 x %00 we note that (tens) x (hun-
dreds) = thousands,. l+herefore 20 x 400 = f000, and we e xpect
23 380' to be close to 8000. Clearly 23 x 380 cannot po ssibly
equal 1900. '

Here are th'e main steps.to use:

(1) Round off each of the factors to get one non-zero digit
and the correct number of zeros.
(2) Multiply the two non-zero.digits.

(e) Use the number of zeros in each factor to tell you the
place value of each pon-zero digit. I
(4) Use Table 1 to find the place value of thd product.

J

P

436
1 2 0

s O.
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TABLE 1

X
-r ones tens hundreds thou-sarids

ones ones, ten4 hundreds thousands

tens------------i
, .. --

tens hundred

,

thousands
ten
thousands

hhundreds . .A 'hundreds -thousands
ten
thOusands

hundred,
thousands

thousands thousands .

ten
thousands

hundred
thousands millions

Here is anothei example: What istan approximate answer

to.12 x 5200?

, 112. rounds off to lahundred

5200 rounds off to 5 thousand

1x 5 = 5 (hundreds) x (thousands) = hundred

Hence 112 x 5200 is roughly 500,000.

--thousandN

Make a table like Table 1 using numbers instead of Words.

24. Rou0 off the following numbers to o
ttle correct number of zerost

(a) 782.

780

(c) B-43

(d) 103 j.

(e) 91

.(f) 85
't

121

zero digit and

I

k
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,25. Roefd'off the f flowing numbers to one non -zero digit and
the correct,wo for place 'value.

1. ad
5-11 A

.(a) 6434'

(b) T6100,

(c) 47

(d)

(e)

W-

O

.51

26. ?proximate the following products. (Try tr do air' your
head.)

(4,) 43'x 22
-

(b) x51
.A

(c) 235 x 377

(d) .63421449
(4. 3340 x 2700

(f) 96$ x 3009

t

df

27. eThf number 1500 can be read as "bne thousand five hundred"
o/ras "fifteen hundred." Similarly, read

(a) 2800 as "---- thousand 7--- hundred" or as
"---- hundred".

(b) 15,000 as "---- thousand'or as "---- hundred".

I

(c).. 60,000 as "---- thousand" or as terrthousand".
(d) 700,000 as thousand" or hundred".

1e), -3,200,00'0 as "---- million hundred thousand'I' or
as hundre'ethotiand"

A t 422
' ,

-
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Examples:

(1) 37.5 x 4,8.1 = ?

Ignoring the decimal point we have

375 x 481 L- 180375

Approximating the product give.s,40 x 5 = 200. Hence we plaice the .

decimal point so that the answer is close to 200; that is
37.5 x-4.81 = 180.375.

(2). 40.6 x 0.021 = ? r

Without decimals 406 X 21 =.8526. Roughly, the factors are 40

and 0.02. From Table 2, (tens) x (hundredths) =. tenths. Hence the
6pproxim

be.0.852

ate answer is 3 tenths or U.8; and the
6.

TABLE 2

anSWE

X ones tenths hu dredths

ones. ones tenthsi hu dredths

tens 'tens ones tenths

hundrelis hundreds tens ones
thousands thousands hundreds' tens

4**

r must

Make two tables like Table 2 -replacing the words with num-

bers. In one table use fractions (-10' 100 ) and in the other use
deciritals

.4.
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ill
31. Explain in yourloWn words why

(a) (hundreds) x (tenths) = tens.
. .

(b) (thousands) x (hundredths) = tens ,
. ,

(c)'*(thouS'ands) x (tenths) '= hundreds

32. Explain in yol,ir own words why.

(a) (tens) x (hundredths) = tenths

(b) (tens) x (tho'usa ths) = hundredths

,

..,

4

o

33. Calculsite the following products. Use Table,2 if you wish.

(a) 7 x 0.4 ,, t

(b) 20x 0.03

(c) 80 x 0.05

(d) 6.00 x 0.1
0

(e) 2000 x 0.04

34. Where ao the decimal points gd?

(a) 4.9 x 5.7 = 2793

(b) 82 x 3.7 = 3034

(c) 9.6 x 0.54 = 5184
(d) 11.7 5( 0.46 = 5382

(e) 0.88 x 4.5 = 3960

(f) 19 x 0.017 = 323

.125
4

I

4

P.

a
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35'. In the following products all,the digits bre correct. However,1
a

i some cases the decimal point is misplaced. Find them.
() 3.56 x0.03 = 0.1068 ., f----:. r

(b) 560 >....541 = 44.8

(c) 0.04 X 9.6= 3.84

id) 800.0 x 0.025 = 2

(e) 1.6 x 3.8 = ;

(f)' 0.06 x 12 = 0.72

36. Find the valueS of the following products:

(a) 360 x 0.15

(b) 2.2 x 0.06_

(c) ,7.6x 0.58
(d) 5.7 x 8.6
(e) 105 x 0.027

(f) 2100 x 0.3
ti

37. Without doing the actual Multiplications, which of the following
products have the same value?
35x2.6, 35x 26 0.35 x'26, 3.5 x 96
10 1.000' 100

Separate into about six teAms of equal size. Your teacher
will give you a list of productg like those in Questioli 37. Some

products are bqual to others. Group equal products together. You

will receive one point for each correct group. The team with the
highest score wins.

r

12S
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SEC ON 6 t PLAN-A-PARTY r

171 Use the prices from the price list to answer the following

questions.

38. You plan a party for five people. Eachilperson has a. 12-oz
Coke. How much will the Cokes cost?

t

39. HoW much do you savely buying the 8-pack rather than
eight single cans of Coke?

4.6. There are 25 persons. You wish to have two hot dogs for
each of them. How much will the hot dogs Cost?*

.
41. How much will you spend on six quads of lemonade?

42. Which is cheaper to serve for a, party of five, hot dogs or ham-..
burgers? How much cheaper?

43. If you were planning a party for twice as many people, would
you haye to buy twice as much of everything?

Plan a party for your whole math class. Get prices from

local stores.. 'Compare prices to decide'on the best buys for each

item. Find the total c6st. How much will have-to be spent on items
that.arnot edible?' What will.the Cost be for each studefi if the

total cost is shared eqvIly?
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Coke

PRICE LIST

C

22 for' one 12-oz can

$1.61 for eight 12-oz cans

68 for one 48-oz bottle
1Potato chips 59 for eight
2

-oz packages

, 79 for one 10"-oz bag:

35 for two 1-quart mixes,

N. $1.00 for 10

$2.19 for 12

42 for six

SQL for eight

55

40

20 for 9 oz
47 for 24 oz

80.for six A

Lemonade Mix

Hot dogs

. Hamburger patties

Hot dog rolls

'Hamburger rolls

Ketchup

Relish

Mustard

Ice cream bars

Paper plates,

Naitk ins
4 .

Paper cups

49 for 40

25 for 70

185 for 100

128
)

o
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SECTLON .7 THE KILOMETER

vvr:i
e

'When it comes to expressing lengths longer than a few city

blocks, a larger unit than a meter is convenient. A common unit

for this purpose is the kilometer, which is 1,000,metersr It is ab-
breviated by kin: (1 km = 1,000 m) .

To, develop a feeling for the length of a kilometer, you can

do a variety of things. Here are a few suggestion. Try them and
Q.

report the result to the class.

(1) If you have a long, straight street near your school, your
teacher will assign groups of students to post themselves at 200 rn

intervals up to 1 km. This will dive'you opportunity to note how

persons, cars, windows, etc. appear you at different distances.

In particular, at which distances can you still see arms and legs of

a person, wheels cif a car, or doors a d windows of a building?

(2) There is a Way of making things appear farther away

than they really are. Look "the wrong %tar through a telescope or

one lens pf a pair of binoculars. The telescope acts, as a scaling
device. For example, a telescope with a magnifying power of 7

will make objects appear seven times farther away Vhen,viewed

"the wrong way." A person standing 150,132.-ervtreidrom you will ap -.

pear as being 7 x 150 just about 1 km away.

(3) If your schocil has a field with a track, find out what

the perimeter of the tszcl., is. Calculate hoW many times yob have

to walk ariund if to cover.1 km. Walk 1 km at your normal pacez.
i

and time it. You can then think of a kilometer as the distance you

walk in so ny minutes.

L
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SECTION 8 A ROAD MAP

A road map is commonly used by persons making trips by

car or bus. Such a map often covers whole states or several states .-

To get a scaled map of such a large area on a page will require much

larger reductions than a neighborhood map.

Figure 3 is a portion of a scaled map of the. state of Michigan.
(We pu osely left out many smell towns and country roads.) The
scaling fa orc in 'drawing Figure 3. is 1 Thus, to find1 ,poo, 000
a real length We have to multiply a measure on the map by, 1;000,000!

For the neighborhood map (Seotion.2), the scaling factor Was 1200.

There we did the multiplication in two seeps by 1QO ar d by' 12.

Here we shall break up the multiplication by 1,006m0 :into three
Steps first by 100, then by 1,Q00, and finally.by 10.

Suppose we measure a -length of.1 cm on a map for which the
scaling factor is 1,000,000' To what distance does this correspond?
One ce imeter multiplied by 100 gives 1 m. In the next step, lm

vs ( o

multiplie by 1000,gives 1 m. We have left only the multiplication
by lo. Therefore, 1 cm on the Map corresponds to 10 km of real

.......=v,

distarMe. In short , i

e

1,000,000 x 1 cm= 10,000 x 1 m= 10 km1-10 km

Once we have this'Tesult we can use it directly-without go-
ing through the in-between steps'. 'For example, the distance be-..

tween the two markers on,Route 21frin Figure 3 is 1.3 cm. The real

distance is

10 x 1.3 km= 11-km

4

4
-4444

1130 .

V

1
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.44. What is the real distance correSpondirig to 0.1 cm in Figure 3?

45. What is the (real),.diltandeIetweenathe intersection pf
Routes 75 and 23 and the intersection of Routes 75; and 78?

46. When speaking of maps, the distance between two points may
have one of two meanings: (1) the distance "as the crow
flies," that is, the distance along &straigiit'ltne, ,(2).the
.distance alon ven route.

Find the d4tance bet een the intersection of Routes 2'1 .and
94 and the intersecl`iojr of Routes 21 and Z8

(a) as the crow flies.
(b) along Route 21.

,Figure 3

.131
4
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47. Find the distance between the interseCtio'n. of Routes 2-3 and
75, and the intersection of Routes 23 and 96

z

(a) alohg a straight line

(b) along Route 23."
4

48. Look at your answers to Quetions 4.6 and 4,7: Under what
conditions° is the difference between the distance along the
road and along a 'straight line unimportantf Important?.

SECTION 9 BRACKETING DISTANCES ON A MAP

baez.

%

--- ,
So far we have used Figure,,3 to_find onlyidistances between. -

. ....- .
intersect ns of roads. What about distances between cities?

. .,

Cities, unlike.road intersections, ften cover large areas. In Fig -

ure 3 the rough shape of the oitievis ndicated by shaded areas. .

Note'also the directions of north, east,,4outhi-and\west.,

,
49. Suppose you fly over Detroit: What is the largest distance

you fly over the city in a straight line?.

11/50. (a) hat is the distance from the north-west orner of ,De-
troit to he south-east corner of Detroit.?

(b) AitTh t is the distance from the north-west corner of Pon-/tiac to t e south-east corner:of Pontiac? ..
, . e

(c) W t is the)distance from the south-east corner of n
tiac to the north-west corner of Detroit?'

(d) Does it make sense to speak of "the distance from De-
troit to Pontiac"?

a

1' a °
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(a) How long is the part of Route 21 that goes through. Flint?

() Hpw fatts it from the lintersection of Routes 44 and "2-1
along Route 21 to the eastern end of Flint? E

(c) iise your .answers to parts (a) and (b) to bracket the dis-
tance from the intersection of Routes 94 and 21 to Flint.

52. (a) How "w de" is Port Huron?

(b) Use your nswers to part (a) of this iuestion and part (a)
of Question 51 to bracket the distance from Port Huron to
Flint. -

53. .Bracket the distance from Flint to AnntArbor along Route 23/

'54. Bracket the distance'from Port Huron to Detroit.

SECTION 10 UNCERTAINTIES IN MAP READINGS

ft

1Figure 3 was drawn with a scaling factor of 1,000,000
Starting from Figure 3 draw a map of Route 2,3 from FlintAnn Arbor

1with a scaling factor of
2,00Q,000

Include the two citie and
shade their shapes the best you can.

DNaw the same stretch of the map with a scaling; factor of
1 Can you still recognize the s3,0'00,000

tplez,

.eomP

market

pes of the two cities?

igure 4 is a map Of part,of the .southeastern United States.

e Figure'4 with Figure 3. The roads in the two maps are

the same way. In Figure 3 the cities are shOwn by shaded

areas whic how their shapes. But all 'the citieS'in Figure 4' are

r
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1shown as little circles. Since the scaling factor, re-2,500,000
dices the cities so much on the ma p. it is not practical to draw the

abtu%1 shape of the city. }

. 55. (a)(-3n Figure 3, whioh city is larger, Flint or.Pontiac?

(b), In Figure 4 all cities are represented by the same size
circle. Do you think all Cities are the same s ze?

56. Find the real distances that correspond to thedollowing dis-
tances in Figure 4:

(a) 1.0cm
(b) 0.1 cin

(c) 0.5 cm

4

57. Dothan has roughly theAhape of a rectangle 11 km Wide ftom .

east to west and 14 km long from north to south. Show Dothan
as a rectangle on the map. Compare your drawing with those
of youl classmates.

Figure 4

c.
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When scaling factors like 1 or are2,000,000 3,000,000
used it is impossible to avoid uncertainties in placing cities on a

map. Also plain errors in dfawing and reading add to. the uncertain-

ties. Thus even straight line distances between cities Can only be
found approximately. 7'

For example, the straight line distance on the map between

centers of the circles indicating Columbus and Dothan is 5.8 cm.
(See Figure, 5.) Multiplying by the scaling factor, we get 145 km.
But a measurement err r of 0.1 cm would give an error 42.5.km.
Also the cities are each a few kilometers wide. With all of the un-

certainties we. might expect that answer to be off by as much as 10 kni.,

One way we could allow for the uncertainity Iyuld be to say

"The distance is145 km to within 10 km."" That would indicate that

the distance is most likely anywhere from 135 km to 155 k'm. We

scan also write this as 135 km <0 < 155 km.

Knowing that getting distances from maps is not exa0f;. ,we-4'
7$ - 1

7.often Just give answers using the word "about." For example ,

/
I 1'

4

, ' '' i.:4 e,, ,..,

could say "The straight line distance froth Dothan to Columbu-8; is,. 1,.. '','..?" ,s, L

about 145 km." .

Finally, this uncertainty allows us to make our 'work easier,' "e'
otkArigby rounding off the numbers before we multiply, For the map

tance from Columbus to Dothan We ioald use 6 cm instead of 55.8.cm;

so we get6cm x 2,500,000 or about 1.50 km.

.16

58. The straight line distance, on the map, between Savannah
and jacksOnville is 6.8 cm (Figure 5)..

(a) How far apart, are the two cittes
'*6
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4 (b) If your answer is accurate t9 within 10 km,brackat the
distance.

59. There are three reasonMe routes
Measure each route- Which route

° Can you'be sure'.$

frOrriDpthan to Gainesville.
deyou think is shortest?

60. What is the approximate distance_ on ROute 10'Ircln Tallahassee
to Tackson`vifle? , 4

. ,. . . , t;
61. About how many kildrRetersviould you sail from Pankma City

to Alligator Point? , w

Figure 5. (
SCALE: '2/2,500,000

ALLIGATOR POINT
v
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SECTION" 11 MAP SCALES

t2© 1For a map'with a scaling factor of one cm on1,000,000'
the map equals 10 km of real distance (Figure 3). We can express

the same fact by drawing a scale on the map inynridh m is marked

as 10 km (Figure 6).

Figure6-
t

0 10 20 30 40 50 60 70 80 90 100 km

In Figures 4 and 5 one cm of map distance is equal to 25 km

in real distance. We can say the same thing by the scales shown

in Figure 7.

0 25 50 75 100 km
(a)

Figure 7
0 20 40 60- 80 100 km

(b)

In both of these scales 4 ,cm represents 100 kin. So they

express the same scaling factor.

Scales such as those In Figures 6 and 7ar ery convenient

to Use for finding approximatedistances on maps. A you,jieed to

do is nark off the distance on the edge of a sheet of paper. Hold

one endpc7irit4at the zero of the scale and read off the distance on

the scale at thg other endpoint. If the desired distance is too long,

you can break it up into several segments, and read each one sep-
..

arately.

137

w
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Having a ;nap scale is a great advantage over knOwing the

scaly & factor. You do not need to do any multiplication., This is

why almost every map has a scale.

rf:i
In cooperation with your social studies teacher, do a proj-,

rr-

-evolving getting informalion froriva map. The scale on an atlas
is likely to, be in miles. If you want answers in7ilometers remember

that 1 mile = 1.63 km. 100 can make yourself a multiplication de-
_

vice (Chapter 4, Section 5) to convert distances from miles to

kilometers.

SECTION 12 BEARINGS AND NAVIGATION

When taking a trip by car,-we folio* roads. However,

when traveling by boat or airplane, there are no roads to follow.

Stmaimea boat captains and airplane pilots can not see where

they are going because of fog or clouds.' They use a compass like

the one shown in Figure 8 ko make sure they-are going in the right

direction.

4

Each compass has a magnetic- pointer that points north.

Thelang e between north and the direction you are going, measured

clockwise, is called a bearing. If you are going east, your bear-.

ping is 900; .iftyou are going west, your bearing is 270.

1 38

11.
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Imagine you are the captain of a boat galling in the Gulf of

Mexico. You are located where'the center of the compass is drawn
on the p shown in Figure 9. Measure the bearing you must sail

along n order tozo to Cedar Key. Measure the bearing from the
center of the compass to Panama City,

Figure 9
)

PANAMA o
-- )20

40 40 80 100 km

CITY-
m 1 i\/3

ALLIGATOR,i ( i --. POINT

. \ '

\ .> CEDAR KEY!.

\ . /
--

\
\

N /
\
\
\

.A

..
1 1,

...-- 1. )w E

/
`It s CLEARWATER

GULF OF MEXICO 'ST. PETERSBURG
TAMPA

To measure the bearing from any point, you may have to

draw a line going ,north at that point. This line will be parallel to
the north direction already drawn on the map.. Find the bearing

from Alligator sPoint to Cedar Key. Also find the bearing going back

139
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from Cedar Key, to Alligator Point.
a

You are pilotin a ship from Toledo to Detroong the route
show/ in Figure 10. Along what bearings will you head? How long

is the trip in kilometers?

Suppose you want to sail from Detroit to Point Pelee (Cana.-

dian) National Park (Figure 10). Choose a course that is short and

changes direction only once., Measure to find the-bearings and

distances. Compare your course with-those of others fp your class.

Figure 10
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40 50 km' ici-e - -' - . ,
, .---. -

t '. ) (\
f t-,4 LAKE ERIE i(

\
... ,..-. ....,_ .

) (.4i
(

.4
, --...---..- -\. 60,,.

No) 1 1

,--'
..,-----

41,
: ..,

. .,.
.

WINDSOR
401

am OM.
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9

62. What bearings are shown in Figure 11?

Figure 11

I1

:

t11

ti

64. Find the bearings corresponding to ,E, S, W, N, NE, SE, SW,
and. NW, without using a protractor.

164.. For the Gulf of exico map (Figure 9)-, the- scale is 2,500,000
(a) What is the bearing from Alligator Point to Tampa?

(b) What is the bearing from Tampa to Alligator Point?

(c) How far is it between/these two places?

65. A navigator on an airplane receives radio signals that tell
the bearing from the signaling station to the airplane. The
map in Figure 12 shows two such stations.

(a) If you are located on bearing 1200 from station A and on
bearing 830 from station B, where are you located?

(b) Which station is cl8ser to you?
(c) If the scaling factor

50is 01 000 , how far are you from
,station A?

t

41.
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66. (a) If you are located_at C, in Eigure 13, wiiat'is the bearing
toward D?. How Can you answer this without a protractor? ,

(b) The be&ring,from one town to another is 1400. What is
the bearing from the second town back to the firstiL4

°

67. Imagine you are the captain of a ship sailing from PanaTia
City to Cedar Key (see Figiire

(a) bhoose and draw the-path you would like to ollow.

(b) Describe your path as follows: "Start at anama City.
Head in'the direction of "bearing - 0. 'Go kilomdters.
Turn to bearbr 0. Go kilOmeters. (Continue until
your directioas take you to-Ceciar,Key.)"

North

.station A

station B

Figtufe..-12

D

.... Figure 13
,

142
c

p
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68. Where is the treasure?

L
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Figure 14

Start at . Whale's Mouth 136,,y ( +)

Go dlon° br for 21/4 km
Men dion5, 4-or 1.0 ke,.
pi,r1B1iy, alor15 Zclz° ;or k

Theaso /I. ,

168 cr)

41"'/e.e4.1./////////////b//./////////"////1,,,,,fr,/,/,,,vai///,,/m/P

143
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0
69. You and your friend are on Snook'ssland at point A (see Fig-

ure 15). You want to row to point B on Buffie1,s Island. But
you have to drop your friend off at the mainland, At which
humbered point should you drop him off so that you row the
shortest distance possible? How long is the total trip?

'Measure and compare ,the two angles formed by your path and
the mainland shore,. Measure and compare also the angles
any other path makes with the shore. What can you say} about
the two angles of the shortest path that you cannpt say about
the two angles of any other Path?

Snook's
Island

-.1,
---%. Ine / al/ `. 1 ft 01 mob ft ...a... *MD AM.... MM... m.o.& ammo,. ma OM. j

?('

Figure 15

Buftie's

1 2 3 4 5

mainland shore

MO.

0 0.1 Q2 0.3, 0.4 km

144
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9

Suppose you pilot a ship as follows: 0.) head along the

bearing 1800 for 10 km; (2) change your bearing to 270° and travel

for 7 km. Suppose.you now wish to sail directly back tb your start-
,

ing point. What bearing should you use? How far will you have to

sail?
4

You can find out by drawing a scale model diagram using a

scale 1001 000
(1 cm - represents 1. Here ie how: First mark a

ce ,

starting point on a sheet of paper. Choose a direction for north.
_ k

Measure a bearibg of 180° from your starting point. Draw a 10 cm
o

line segment to represent 10 km. M sure a bearing of 270°.
Draw a 7 crivline Segment for the 7 km d stance. Now you can mea-

sure the bearing and the distancetowardS the* starting point.

4

.

70. A sailor sails alOng 9,0° for 6 km and then 150° for'10 km.
What is .his ,bearing and his distance back to'his starting po-
s.ition?

1

71. Travel in the direction of 120° for 4 km', then 240° for 8 km.
What is the bearing and the distdnce directly back to the

--starting position?

'

145
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SECTION 1 WHEN DO WE .MIAKPLY?

-1. The sides of a.triangle are 3 ,4, and 5 cm 'long. If you enlarge
the triangle by a fpctot of 6, bow icing will the sides be?

w.

2. One shirt costs $.3.502' How much will four shirts'cost?

Choose a number. What mathematical operation do you use
to find a number three times as large?

iJ

4. You know the weight of one object. How do you calculate the
weight of D such objectil?4,

. ,

.17Questions 1 - 4 have so e ,ng in mmon. In all of them,
.41 -.

you'know something about "one" nt tFfind something about..--, .
"many." To get the answer wecniultiply what we know about "ont41.

by the number that tells us "how manyt" This 'is true also When, the
-e, -

"how many" is less than one. FOr ex p ,'one meter of ribbon, 6
costs $2.00. Then mof the ribb ....::

. ith

4

1 l tx 2.00$ 0:50$:t

(Rea8 "one-fourth times two dollars equ s half a dollar.pr)

r

4
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15. One yard is about 90 cm. A foot is -3 of a yard. How many
centimeters are in otie foot?

6. Ode gallon of milk costs 1.40.
(a) How much does -1 of a gallon cost?

. 2

IA

(b) liow much does -4- of A gallon cost?
is called a quart.) T.,.....

(c) How much do 2.5 gallons cost?

(A fourth of a gallon

SECTION WHEN DO' WE DIVIDE?

111
Gle,34 Four apples-cost 60; how much does one apple cost? Here
we know something. about many and want to know something about

one. In this case:

the cost of oie apple = 60 +4

(Read "sixty cents divide''d,bY four.")

ti

Sixty cents goes with four apples and '60 4 = 15 goes'

with one apple. In generl, if we want to find what goes with "one"

when we kDow whygoeswith "many," we tide.

Before doing the division, we must decide which number tp

divide by which. The units asked for in the question will help you

decide: Read the question to find the units the answer must have.

Divide the quantity,with those units by the other number.

1

147,,
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4=3

41

Write sentences for the answers to Questions 7 - 13.
Carry out the division where you know how to do it.

7. Thirty chairs cost $450.00. How much does one chair cos--(?

S8.\ In an enlarged drawing the side of a rectiiihle is 30 cm.
The scaling factor is 5. What is the origihal fength?

9.. A stack of five p nnies is 0.8 cm high. How thick, is one
penny? .

,
good runner10,. ..00runner runs 100 m in 12 seconds.

,
.#.. (a) How many meters does he run in one second?

(b) How many seconds does. it take him to run one meter?
16 .,

111. A train going at d steady speed travels 480 km in 2-2.hours.
. (a) How many kilonieters doesthe train travel in one hour?

(b) How many hours dOes it take the train to, travel one
4a kilometer? ,..,8

12: A jet airplane travels 9-00 km in 60 minutes.
N. .-

(a) How many kilometers does _it travel in one minute?-...._
(b) Bow many minutes does it take the plane to travel -one

.. kilomeiet?
.

.

-..\ 3
1,3. The Cost of

4
of a pound of fish is $1.70; What is the cost

. -

of one pound of fiih?

In Questidns 14 - 17 be sure to decidewhether to multiply or
divide. 1 -:.

14. MST brother is three times as old as I am. I am 12 years old.
How old Lis he? d

)
....... 0

4

I

4

I

v

1
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15. One-third o ur day is spent' sleeping. How many,Ours is
that?'

. rev%
16. Selling a roll of 100 tickets to the basketballgAme brought

in $75.00. How much did each one of the tickets cost?

17. A 45 rpm record goes around 45 times each minu, (60 seconds).
How many times does the record go around in oni second?

*

SECTION 3 QUOTIENTS AND FRACTIONS

r7"

In Chapter 2 we used unit fractions toname the size of the

smallest piece when a strip was divided into-a number. of equal

pieces. For example, when we divided a strip into three equal parts
1the size-of each part Was
3
.

Since each strip was one unit long we carLwrite

'11
3

= 1 4-3

1That is, the unit fraction
3

'is the, result`of'dividing 1 by 3.

. 1. h are,notWhat can we say about fractions such as which:-..1. .
.unit fractions? InSection 8 of Chapter 2, we saw that 2 was a

i..
. . 3

shorthand way of saying thatswe have two One-thirds.. That is

Figure '1

4

= 2
2 1

3

1 ,Figure+
3

t 1)
3 :3 3

one strip

t-
one sVir

,
.

A

104,

to
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Is 2 = 2 + 3? To answer this question, letqts use two strips end-to-
3

end (Figure 2). To represent 2 4-3 vie divide the Strj.ps into three
it, 4 4,-

equal pieces.s'-. The shaded part of Figtire 2 is,the result of this divi-
4

one' P o

Of two strips o9 cu.)0 &MOS of 10C,

Figure 2

rt

sion. 'What part of a single strip is this? Copp,aring the shaded

portions of Figure,1 Snd Figur! 2 we, coqclude that the Shaded part'

of Figure 2 is 2 of a strip. Therefore weroan write
_ r 3

2 = 2
_3

In words, the fraction 2

3
is equal'to the quotient 2 ÷ 3. j

18. (a) Drawa piqure of three strips lined up end-to-end.
- ,

(b) Think of the strips as one long strip. Divide it into two
equal pieCses.

(c) Shade one of the equal pieces. - ,....,

(d) How man' single strips are shaded?
.(e) _What_ ye you shown? '

19. How ch are

(a) s x halves?

(b) twenty-one sevenths?

3
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20. By dividing find the value of
0

e

(a)
5.

180
9

,404
2

(d)
,128

4

240
(e)

3

Ow,

V.

:AO

21. ThrA persons share five pounds of sugar equally. How much
sugar did each-efite)of them get?*

22. What is the result of dividing 4 by

SECTION' 4 COMBINING DIVISION AND MULTIPLICATION

401
tfriZZ' It took a car three hours to travel 240 km on an interstate

highway. How far would the car travel in five hours? (Assume that

the car kept moving at the same speed.)

You can answer this question by combining what you have.

learn;c1 in the preceding two sections. 'From the distance traveled

in three *hours, you can find the distance traveled in one hour by 4

diViding*

4
distance'traveled otte hour = 2A0 km ÷ or

-
23 0

From the distance traveled in one hour you can find the dis-

tance traveled in five hours by multiplying
$

.7.

A
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distance traveled in five hours = 240 km
53

1

The reasoning used' in this example'is quite general. If you
can go from many to one by division, aati from one to many by.mul-

ct
tiplication, then you can go from many to 'a different many by doing
both. ) A

-

23. In a store you can buy four oranges for
(a) What does each orange cost?. ,

(b) What do six oranges cost? . a

In Questions'24 and 25; show which numbers. you are going to
divide sand multiply to get the answer. Then calculate the answer.

24. NIf
six dandy bars cost how much will five candy bars cost?

25. On a car trip you can comfobly go 540 km in six hours.
How fat can you comfortabli go in 14 hours ?-

_ -

In Questions 26 - 28, write sentences desc how to get k

the answers. You need not carry out the calculations.

26. Eight candy canes cost 90.
(a) What does dne candy cane cost?
(b) What do- 15 candy canes cost?

27. A ball is steadily rolling across the floor and goes three
meters every two seconds.
(a) How far will it roll in five seconds?

ny seconds does it take the ball to go four meters?

152

S

ea.
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k

28. A city of 100,000 inhabitants uses about 30p,000 gallons of
gasoline -in one week.
(a) How much gasoline would a similar city with 130,000
inhabitants use in one week?

(b) How much gasoline would a similar city with 160,000
inhabitants use in two weeks?

(c) What is meant by the word "similar" in this question?

29. A workman can do a Job in five days.

(a) How much of the job can he do in one day?

(b) How much of the job'can he do in fou days

(c). How many days 1K.79.1 it take him to do
8 Jobs?

SECTION 5 RATIOS

30.- Figure 3 shows two similar triangles. Consider the smaller
one as the original. What was the scaling factor used in
drawing the larger figure?

. 2cm

Figute 3

153
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31. A big dog weighs about 80 pounds. A cat weighs about 10

Fpounds. How many times' heavier is the dog?.

32. A new car costs $4,000. A new bicycle costs $100, How
many bicycles can you buy for the cost of one car?

31. You have 50.. How many,1.5.candy, bars can you buy?

tAKZ. In Questions 30 - 33 yowere asked to make a comparison
between, two quantities. 4n all four probleffts the question "hoty,
many times" is either said or implied. The answer 'is found by di-
vision.. In generol, the question "how many times Irger is
than A," has the answer

7 (Read " over A")
0.

Can we compare any jwo quantities? Consider the question/
"What is larger, five meters or seven pounds?" Obviously there is no -

way to compare meters with pounds. So the question makes no sense.

. 7'.
NoW consider the question "How many times ,larger is 8$ \
0than 2011" Her both quantities are money. They are expressed

4.n different units, so we cannot *compare them as they are.- (8 ÷ 200 /
will certainly tot giv'e the right answef.) However, we can convert
eight dollatt to 800 cents and then divide:

-r
800 - 420,0

So 8004 is four times as much money as 200.
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I We could, also convert4ents into dollars: 200 = 2$ and

get the same answer:.

= 4
2$

In summary, the answer to the question "How many time%

.larger.is than A.?" is
A

if they are both expressed in the same ,

units. The quotient of two quantities expressed in the same units

is palled a ratio. When we speak of the ratio of to A we al- /
ways mean A.

Which of the following quantities can be co,mpared as they
are, after proper conversion of nits, Or not at all? ;

(a) FiVe app,les, three quarts milk

(b), 6.2,m, 8.5 m
,

(c) 1.7 cm, .0.6 m

(d) 6$, 150
(e) 10$, 20 Swiss francs

1
(f) Two pounds,

2
pound

35. A largelbox of candies costs $3.00. A candy bar costs 20.
How many times more,expensive is the box?

36. now many times, more is

'(a) $3.00 than 344?

.(b) 2400 cm than 12 m?

(c) Seven dollars than as dimes?

4

155=
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4

CI%r.t .

(d) Fifty-Six dimes than seven nickels?
(e) TWo pads of 100 sheets each than 25 sheets of paper?
(f) Three ,quarters thanthree climes?

;

SECTIQN 6 DOING DIVISION BY REPEATED SUBTRACTION

v

t, ..

How many. 15 candy bar; can you buy with 504 ? 'You read
.

in the last,section that you can find the answer to this problem by
doing the divist4n 50 ÷- 15. You can do thp division by using re-, .

-peated subtraction.

- .. .

s-;
.

Imagine starting with 504 and buying candy bars one by one.

' Start with

Now yoU have

,,

510

-1

.

Buy one candy bar.
, I,,,

Number of 1.5's
subtrsubtracted

1,
...

35

1,

..z.l.5 Buy .one more dandy bar. 1

Now you have 20
---i. -15 'Buy one more candy bar; 1

You have left over. 3

You can buy three candy bars.becalise you can subtract 15
from 504 three times.

S. ..
'How many 154 candy ba rs can you buy with $2.00? You can

answer this question by changing $2.00 to 2004 and then seeing how

)

Om-any times you can subtract 154 from 2004.
/

156
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Number of 15's
subtracted"

1-

2

-200.
- 15

,

, (1 ek

rA

18.5
..1r

- 415

170
-11 - -15

Aso-
1

* 155
- 15 1

140 .

- 15 ,1

125 .,

- 15 1

110
- 15 1

95
- 15 1

, 0
80

4, - 15 1

65
- 15 1

1
*/' 50

/ - 15 1

35 .

. - 15
20

- 15 1 _ , l

':> 13

Since you can subtract 15 from 200.-a total of 13 times, you can ,

.11 buy 13 candy bars for $2,00.
t

1

v

,

157
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I.

But there is a better way to do this: subtrabt.mtwe than one

at a fime.

Since one can bar costs 154, ten candy bars cost
10 x 154 or 150. So ine buying 10 candy bars all at once.,

Then find out how many more yotrcardaily with what is left over.

'Number of 15's
subtracted

200
-150 10

5.0

- 15 1

35
- 15 1

20
- 15 1

5 13

You could have done the sacpe problem even quicker like this:
Ai*

Number Of 15's
subtracted

200
10

50,,
- 45 3

5 13

Notice that you subtracted 454 from 504 because the cost of the
three candy bars was3,x 154 or 454.

s ,e

-or

158
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37. How many 15 candy bars. can you buy with $1.00?

38. How many 15 ).ndy bars, can you buy with $2.50?

'How many 35's can you subtract froth 400?

40. How many 35 ice cream cones can you buy with $4.00?

41. HoW many 25 ball point pens can you 'get for $3.00?

42. How many nickels are there in a roll of'$2.00 worth of niCkels?

What is 1624 divided by 12?

12/R274-

The answer is found by subtracting as many 121s from 1624 as pos-

sible. However, subtracting 121s from 1624 one at a time is very

slow, so subtract 12's in groups.

Look at 1624. It is 16 hundred and 24.* Since we, can sub-
.

tract 12 from 16, we can .subtract 12 hundred from 16 hundred. 'One

hundred 12's is 1200, so subtract one hundred 12'S:

`N.

1,11

Number of 12's ti
subtracted

12/T624-
-1200. 100

424

19
t\N
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Look sat'424. It-is 4 h'undreLnel Yciu cannot subtract

any more groups of one hundred 12's'lkpet.you cannot. subtract

12 hundred from 4 hundred.

Now rename 424 as 421.tens and 4. Since.-12 < 42, we can. . .
subtraCt 12 tens' from 42 tens.' In fact, we can do that-subtracting\

.o

three times.

Number of 12's
subtractetjoe

12/511
-1200 100

424
-120 10

304
-120 10

1.84 -"Th
-120. 10

64
o. _

(You could have shortened your work by subtracting thirty 12's all
at,once.)

A

Finishing, we subtract fisie 121s. 1,

12/16ILf

Number of 12's
subtracted '

-1200 100
424

-1-20 10
304

-120 10
184

-120 10
.64

-60 '.5
4

160 '-(\
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We are don subtracting 12's because no more 1.2's canbe .

,,
- taken -away from 4. In fact, 4 is called the remainder.

...

. '.. idWe flind the quotient by 'ad ing up the number of 12's that

s.

4

were subtracted.

Number of 121s
subtracted

12/1774-
4200 100

424
-120 10
304,

-120 10
184

-120 .10
'64
-60 5

4 . 135.

so 1624 -÷ 24 = 135 'With a 'remainder of 4.

bo the following divisions:
aftt

41:.,0A38 + 12

44. 4/830

e ti

45. How many 6''s are therein 1236?

46.'' 11

47; 707 is how Many times larger than 7?
a.

48. 2939 divided by ti.
119

Po

161

4

to
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49. How many doz n eggs arewtherein 15,648 eggs?

50.. 19/7700

-51. 3661 :: 52

5i 8700
42

IN.

,

SECTION 7 , DIVIDING PAST THE DECIMAL .

171 In order to save money on food hills, people someti es
..

form a food cooperative (called-a co-op). They buy food in la e
quant es,a\ t a cheaper rate, and then divide it up,

.
.

53. A co-op bought 40 pounds' of rice to be shared equally by
eight families.. Howimuch rice should each family get?

i

t

5A. Twelve families are going to share 18 poun of 'sugar: How
much should each family ge ?)

-,

55. There are 44 gallonsof syrup to be shared equally by 16 fam-
ilies. How much syrup should each family get?

VI
PIK')

. All th qtiestions are answered by dividing. For Question
,53, the division tells us that each family gets exactly five pounds.

.._ However, ,Questions 54 and 55 do not come out exactly to whole4

numbers. 1To share the rest equally, we need to find what part of
a p6und.or gallon each family should get.

For Question 54 we need to divide 18 pounds by 12. Divid-
ing 18 by 12 gives 1 with 6 left over. Therefore, each family gets

a

v. I

,...0,162

.
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1 potind- and a fraction part of thelPounds left over. The 6 pounds

still needs to be divided up among the 12 families. So each family

,gets 1 pound plus (6 ÷12)Pounds. But 6 ÷ 12 = or 1
'

so each
2

1 ..--

family gets 1 pounds of sugar.
2 i

Fe-cQuesticn 55, 44*gallons 4- 16 is 2 gallcths plus (12 4- 16)
12 3 3'gallons or 12 gallons. Since = Tv each family receives 2.-zi

gallons of syrup.

56. If you wish to divide $10 equally erelong eight friends, how
much will they each get?

57. A 36-cm stick is breirreka-lato-\five sticks of equal length.
long is each stick?

How

58. You earn $53 for working 20 hours. Cow much did you receive <

for each hour you worked?

59. Nentypranges cost $3.00. How much will 30 oranges cost?

60. -A hi-fi dealer had a sarro'n casset tape players. He sold
24 and took in $786. Howtmuc did he charge for each
player? .

t.
These _questions are best answered by getting the "quotient to

one or two places past the deciThal. We'ean get quotients in deci-

mal form by extending our division process.

Method.I

4

4941400iT he quotient of $86 -÷.24 will giv.e' you the answer to Ques-
1P

1 63
- '1 yo

4
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tion.60. Since you want to kn6w the atittswer in dollars and centi,,

4you need to calculate to the hundredths place.

Start byiWting the whele number part of the quotient.: 4.. -
to*. .. .

2A771176 ,
a 720 30 ,,,

.,

.66. 9:.

IS 2 .. ,
1,3 32 's

Since you want the answer to the hundredths. place, put

decimal point and two zeroes`'aftere 786. Bring those two zeroes
down beside the remainder; 18. Now draw a vertical line on the
right. This will remind you that what follows are hundredths.

c . .

24/7866\-'
720, 30

66
48 2

1800 32

Now you divide the 1800 by 24. It will tell us how many, hun-
dredths there are in the

the vertical line:

Iotient. Plate the answers to the right our

786.00

66
48 2

18 00 32
16 80

20u, S
75

164

b.
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Therefore the quotient is 32 and , 75
100

of the cassette player was $32.75.

171 (Method I only)

4.-".

or 32.75. The sale price

61. The following division is completed to the thoufbndths place.
Explain what happens in each step.

SreP 1.:

STEP 2
4-- STA3
4-AZTCP

1g- step s.

Method II

41$
tp%leZ. The quotilt of $786: 24 will give-you the. answer td Ques-
tion, 60, Since you want'to know the answer in dollars and cent,
you need to calculate to the hundredths place.

..,

. , e . Stareby getting the whole aumberpart of the quotient as be- f
'i fore,, except don't. 'add it up yet

24) 786
720
66
48

30

z.

165

4

"AP
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Now, to get the number of tenths, place a zero in the tenths
place next to 786 and do the same tothe remainder.

24/Z86.0
720 30

661

48 2

18.0

Now do 18.0 24.. 'Since you want the number of tenths, re-

name, 18.0 is 180 tenths. Then the division.is 180 tenths 4.24.

'You'ma_y guess 6 tenths; Pat that on the right and multiply

0.6 xi24 = 14.4.

24 6,
720,/`

66,
48 2

18,.0
14.4 0.6

ar 3.6
N

-Renaina 3-.6 as 36 tenths. Since 24 < 36, you can subtract
another tenth.

24-/MT$5
720' .30

48 2
18.0

r f. 14.4 0.6
3.6
2.1 cr; %

trt

. . ,

,

-
Rename 1.2 as 12 tenths and notice that 24 cannot be sub-

tracted from-12. Therefore, you cannot subtract any more tenths.

s

..

1.
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To get hundredths, put a zero in the hundredths place to the
right of 786, and do the same to the bottom remainder, 1.2.

.1. 24/786.1r
.720 30

%

66
48 2

18.0
14.4' 0.6
3..6
2.4 0.1
1.20

Now 1.20 4 24 is 120 hundredths ÷- 24. You may guess 5 hun-
dredths. Multiplying gives you 0.05 k 24 f-- 1.20. 'Adding up gives -

the quotient'.

.

I

24/786.00
720 30

66
48 2

18.0
14.1 0.6
3 .6
2.4 0.1
1.20
lazo o06-
0,00 2./ Er

r
._ So the, cassette players cost $32.75 each.

-).

S

1

(Method II only) - .

62. Thee following division is completed to the thousandths place...
Explain what happens in each step.

,

,

,.

I
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STEP 1

STEP 2.,

STEP 3

STEP .1

511P 5

STEP 6

63. Write thetfollowing fractions in mixed. notation:
,0

3
(a)

23
(b)

5

I

(c):

(d)

(e)

153

7

3

it

64. Suppose you want an answer;to the ne'a'rest tenth. Dividing,
you get 14.6 for a quotient: (61n you be sure that 14.6 is'
correct to the nearest\tenth? Suppose by dividing to tilt hun-
dredths place you get 14.4. Then_the answer to,the nearest
tenth is 14.7. Therefore, if you want an answer to the near-,
esttenth, calculate to the hundredths place'and round off.

Find these quotients to the nearest tenth

(a)

(b).

(c)

248 =

57.6

33

16

7/2/3-7Z.

4

168
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11

65. Find these quotients

(05 18fifif

(c)
44.2

41

(d)
21 .

(e)
--31r

6-24 _

to the neare hundredth:

4 r

66. If a car loses $500 of value in a year, how much does it
lose each day? (It's not a leap year.)

67,. A bag containing SO nails costs $1.30. Flow much would
55 nails cost?

SECTION 8 . DIVIDING BY A DECIMAL

401
ba KZ .So far you have not learned to divide a decimal number.

aFor example,

What is the quotient of 38 ÷ 1.9?..
..

Here a way to answer thj.ss kild of division problem.FS

writ the division as a fraction:
, %

First, re-

38

. .

Next, 'find an equal fraction with a whole number in the denominator:

38 3Since sand

38 38 x 10 380
1.9 1.9x 10 19

are equal fractions, they have the same quotients.

169
a
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6

In other lids, 380 ÷ 19 gives the same answer as 38 +1.9'. Therel ,

fore do

19730

Hire is another example:

`1.3376;17§,
Change the division to a fraction:

0.175
1.33

Firici an equal fraction With a whole number in theldenominator:

0.175 0.175 x 100 17.5
1.33 1.33 x 100 133

at

Do the division:

.133/177

68. To(lange 1.9 into a whole dumber, w ultiplied by 10. To
chap 61.33 into a whole n.umb, we Itiplied by 100.
What,wduld you multiply 0.057 by to c nge it into a whole
number?

69. Change the following fractions into equal frac ons with a
. . whole number fn the denominator:

(b) 2.8 .-

7

0.2,

1.3
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(c)
0.008
0.07

(d)
4-.6
23

4.15
(e) 2.112

(f)
6.83
0.5

70. What division will you do to get the quotients for these
divisions:

- (a) 4 ÷ 0.6
e t

(b) 237 -:- 1.42

(c) 3040:007

71. Fired the quotient for the following to the nearest tenth:

(a)
36.3

. 4.8

(b) 0.5239 -*7 0.052

(c)
4.91,

y.

72. Find - these' quotients to the nearest hundredth:

(a). 4. .5:÷3.02

1"01

(b)
0.073
0.006

A o

The cost of o e pound or one gallon of an item et.the grocery

store Is 'called the unit price; In many states, large grocery stores

.
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are required by law to display unit pricei. By comparing unit prices,

customers can decid.which package is\e better buy.

73. A brand of chocolate candies comes wrapped in medium and
large size bags. The medium size costs $0.83 for 0.75
pounds and the.large size costs $1.05 for one pound.

(a) What is the unit price for each size?
(b) Which size is cheaper for one pound of candies?.

74'. Two different sized packages of the same type-of white bread
cost

58 for 1.25 11i or
48 fort lb

Which package has the Cheaper unit price?''''

75. You can buy raisins in a 15-ounce box for 69 or in a pack-
1age of six small 1-2 -punce boxes (nine.ounees total) for

Which type of packing charges more for each ounce of
raisins?

76. If bags of three ounce, candy bars cost

$1.99 for 2 lb.°
$0.88- for 0.8 113

-0

which is the better buy?

77. Ice cream sandwiches come in two sizes

-Six 3-ounce baz4 (1'.13.1b) for $0.89
1Twelve 2-2 -ounce bars (2.5 lb) for $1.16

Which size gives, you toe cheaper unit price?

172

V
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SECTION 9 THE FAMOUS RATIO IT

Find and record the ratio of the circumference to the diameter

of three circles using the steps shown below. You may want to use
your manhole covers.

Step 1.,

Tape piece of paper t our desk top.
The-W place the diamet f tht-circle at
Ihe right corner'of the bottom edge of
the paper. Mark the diatheter length at
the edge. DIAMETER

Step 2.

Place a mark on the edge of the circle itself. The distance from the
mark all the way around the ecOof the circle and back to the mark
is the circumference of the circle.

Step 3.

Start with the mark touching the /
bottom right -hand ,corner. Roll
the circle, without slipping,
Straight up the side -edge until
the mark touches the paper again.

173



Step 4.

Mark that point at
the side edge.

Step 6.

Cut along the diagonal
to get a triangle.

Step

6-29

Step 5.

Connect the marks
on the paper.,,

Step 7.

The bottom edge of the
triangle corresponds to
the diameter of the circle.
Measure and record its
length on yciur triangle.
Do the same for the
side of your triangle.
that corresponds to
the circumference
of the circle.

Repeat Steps 1 through 7
using two othq

.
2.4, em



.a.

1.1

.. 6=30

78. What do you notice about the three triangles when you place
. them on top of each othe\..?

4;

-79. Calculate the ratio of the circumference to the diameter for
the ircles'you rolled.

80. 'Are all the ratios equal? C om pare your results with your
classmates'. i

AI 81. What is an approximation of the ratio of the circumference
to the diameter for any circle?

v (--\ )
The ratio of the circumference of a, circle to its diameter

e
is Tr (read "pe).

.
i

, v

esyl
b3K1'

.

e

t

circumference ,
Trdiameter

It means That the circumference of a pircle is Tr times as long as

the diameter of that circle .

I circumference = Tr x diameter,

.
Zfa

)

\--

i

Did you find that Tr is about 3.1? More accurate calculations show ..
that Tr' is, approximately equal to 3.13. '..). 1

Pl \ .

,8 If a

..

le has a diameter of 4.0 cm, what is its circumference?

83. Luiz °v ts to puta fepce around his circular flower bed. It
measures 6.7 meters across. ..

(a) How many meters of fencing will he need?
, .

X`
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I

L

(b), If each meter of fencing costs $1.59 how -much -will he
need-to spend -?

Brenda's family has(a patio shaped like a half-circle. It is
3.5 meters across the diameter. How far is around th
curved edge 'of the half,circle? See Figure 4.

Figure 4

9

$5. Your waist is somewhat like a circle.

(a) Measure the distanCe around your Waist.

(b) How ;1any times., longer 'is your waist ihdp your width'?

How far ar6und the race track 'sh wn in Figure 5, which
is made up of a sq and two half cir les?)

Figufe 5
V

176 <

.1
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MECTION 1 UNITS OF AREA

Gi" 2%

_Nreasurement involves Counting units. Whexi measuring

lengths, our unit is 0 length (a ce ntimeter, a meter, a foot, an'inch,
etc.). Wheveasuring angles our unit is an angle (one degreW.
Similarly insmeasu;ing'areas, eur`unit'is an area.

,
Units of length' vary on 4.14. size (centimeter, inch, meter):

Units of area, however, can vary both in size and in shape. For
example, lanyOthe following three units shown ii Figure 1(a) can

be used to measure thearea of the parallelogram inigure

z
(a) (b)

,. a

Figure 1

17;7
/
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.0°

The re§ult is shown in Figure 2 (a), (b), and (c). Notice that copies

of each of the' three' units of area have been arranged on the parallel-

ogram of Figure 1(b) so as to ju:si completely cover -it. Then the, .

number of units of area covering the parallelogram in each case has

been counted.

' Figure .2

4./

(b)

(c)

4

4

16 units

4 units

8unit's

rising ...ss-,tt.tinit of area,
the ihapes in-Fitiure_3?

7.

ti

rt
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2. Which of the regions in Figure 3 have the same area?
r

3. 'Use.
Figure '4..

to

c

-

as a unit4<fpd the area-of the polygons in

Figure 4

(a)

(b)

a

1.

4

4

'it.. Whichregion has. the larger area, te one inRigure 3 ta.) or
in Figure 4(a)?

a

ri

rani
S.

4
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Use the bird in Figure 5(a) as the unit area to.find the ars,a of
regions of Figures 5.(b) and 5(c).

Figpre .5,

(a)

(c)

r

180
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(
,

& . . ,

Trace each of the shaded unit areas in Figure 6(a) s.ix times
6 -- 2

and cut each out. Using each shape that will work find the:areas'
. ) r,.

cf the-polygons of Figures 6(b) and 6(c)
s

. .''':( 411%. . ....: ' V

I
.

Figure 6

(S)

0

v

. .
6. 'Which unit area exactly CoVers,both polygons?,

7 . What unit area is easiest ,to count? Why't .

. . . .
.

.8. ..?.,Which unit area is easiest to divide into smaller equal units?,'
Why?. ... ,

. . ... 41... t . .
. . _..0.

9. . 'Which unit areals eagles/ to use as a unit of area?'. ,

(
, i

181

re

(

-we
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SECTIQN 2 , FINDING AREAS 'IN %SQUARE CENTIMETERS

You have been

rile-astring area. Thus
.the square 'centim ter.

sures,1 cm on a. si e (Figure 7(a)). The conithon abbreviation for

square centimeter is cm2.

that a square unit area is ',ally Jest for4

, a' common'unit-of area (for small areas) is
,,

A square cenlimeter is a square that m,ea-

To find the, iarea df a

either cover the re,41ori with

use -a- centimeter-grid_

the area is 5 I cm2.,

- r 2

'/F ,--1 /

. 1

1.

regton in square centimeterswe can

CutLout square centimeter pieces or

- Figure 7/
1

,(a)

igute 7-(b). iimplegtcoUnt shows that

I1

J

0
-

, .

0
at

it

. . 4

10. Find the areal in squaie
ucre

timeters of the regions in Fig-
.. 8. (Centimeter grids beers drawn on each of the

regions.)/k,-

' Y C

41

,

'0

O

182 I.
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t
S etimes- we can use grids to find the exact area of a

shap& even us)h we cannot fill it exactly with whole standard
0.units or divide single unit squares with diagonals. For example,
to And.the area of the triangle in Figure 10(a),.we choose a rec-
tpngle which. completely covers the triangle and whose area 'we
cankeasily find. Figure 10(b) shows that the shaded 12 cm2 tec-
tangle covers the triangle. We can get the area of the triangle by
subtracting, from.the area of the rectangle, tha shaded areas,
labeled I and II, of Figure 10(c). _

4

a

Figure fo

4

.

t"f

"- o%,

$

,

We-can do thfis in two-,steps,-. First-welind the area of,
1Part I. -It is of a whae are is 12.61112. Therefore,2

the area of Part.I is &cm2. Part II is 1 of 50 rectangle w ose azba :

s,3 cm2-. Therefore,Afte.-area of Part IIis 12 cm2. The sum of the
4area of Pali I and the*Re of Part II is

, 41

-\ i 6' m.'2 + i. cm2 = m2-/ ,

--.

,

S6 the' area of our region,- the unshaded triangli,,Fig,ure.
1p tc) , is

.12 cm2 2
2 2 ff

4

= C2,
2-

185.

O

1
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12. Find the areas of the polygons in Figure 11.

f

.
.

.

_

Firure 11 .

, 4

.
1

.
..

I '
(a) , (

.

. . . 1.,
.

, ,

.

. t

# c.

)

.

- (d)

.
.

. e

SECTION 3 BRACKETING AREAS

tereS,

.
1 ?

Centimeter squares do not fit exactly into a region-enclosed

rr.

by a curved linelFigure 12): Therefore, we ca t find the ar a

directly. counting unit centimeter squares. We can, however,
, :

. , .
find an area er than the region and an area later than the re-.

..' .

giq. .

Bo we Ca'ri biacket the area of the region between the smaller

and larger areas.
. 4

1

0:
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6

Figure 12

Counting the squares that completely cover the region, we ___

trq.21 .squares (Fiigure 13(a)). Each squai-e is 1 "cm2.
T

area of region < 21 cm2

MPtirq
I

getfivet square
Nia 14

0

r
he squares that lie entirely within the region, we

Therefore

(;)

(Figure '3(p)). Therefore

I 1(5 FM 2 area of region <1 cm2

,

M inbe

-,.. . .....,...7., z...-
:.

r ts'*.Ot- .1
-.1. , -,^ -11,-.2,',...,.$;......,..

';.*^" - ,;,4 '-''ilk.-- 4 ...
.

1.4.
.L.1

-,,F, ,,,,- ---3w,.*,-o, ,,:s;',
,..:-",i*

.*1

i ,o
.- -*% ,

0.7./--,-/.2
.f.t..tZA4

-
-

. ..
.

,
( F.t l.

I

, 4,

. .

r

/ , .

.

. ._

. ,.
E.,.....:::,

,,,:,...

, :..

ris , ...-s-,:---,,f.,7i,
,,...., ....., A

/-'U'

.

..
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; f

(b)
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.
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4
A value halfway between the `Srnaller-and-larg& bracketing

$

values is usually a good.approximation of the area ofia region. This

halfway.value is the-average of the lower and upper bracketing val-

ues. The average of 5 cM4 and 21'cm2.*is

5 cm2 + 21 Cm-2 26 cm2.

2 2
- 13 cm2

Since tie actual value of the area 'could be any number be-

tween 5 cm2 and r21 cm2,4our 3 cm2 approximation could be off by

as mufh as 8 cm2. This is be ause4edifference between the 'av-
.

erage and the low- m and the difference- betvreerrthe
average and the upper braCket is 8 cm2;. TO s4ovi the uncertainty,

of the value we say the area is 13.ctit2 to\vithin 8 cm2.

13. Finci"t average of the following pairs of numbers..

(a) 14, 22.
(b) 19,25 .

(c) 1,12, 137

41) 150, 17.9

(a)* BraCket the area'of the regions in Figure 14. (Use ydur

.centimet4wid.)
.._. -\ .-/ - ,., ,.) . t . . , .,c.,,,, . .

04_4What is the average of the upper and lower brackets in
4 r.-. . . .rj' each case? 2- 4"-'7.,T.'" : I

4.kt
4. 1 ' . .

(c) How good an approximation is each average?,,,,
(d) .Which area are you bt sure of? Why?

.18§

*

r.

-

I
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MdSURING AREAS IN, FRACTIONS OFjA UNIT AREA

In Section 3 when we used a c grid to bracket the
area in Figure 12 we found that

'owing that the area of the region is between.5 cm2 ana

2.1 cm? ives us only a Itery rough idea of what the area really is.'
A .

can get kbetter estimate of the area if we use,. grid with smaller
-squares-. ret us see what happens when we bracket the area in

2

Fig-
1Ore 12 with- squares that are only cm on a side:

-
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)
1

i
1A square

2
cm on a sde has,an area of 4 bm2 because four

such squares are needed t6 exactly covey a square). cm on a side

l'igure 15).

Figure 15 4-]. Ill cm

Counting the squares- in Figure 16(a) that completely cover )
1the region we get 70 of the
4

cm2 s5uares. This is

170 x--4 cm, = 17:5 cm2

A count of the number of squares that lieVentirely within the region

(Figure 16(b) gives 36 of the cm2 squares. This'is

36 x.-
4

cm2 = 9.0 cm2

Therefqre

9.0 cm2 <area < 17.5 cm2
-,

This result is more accurate than the first since now we can say that

et

.51
=the area in Figure e2 is 9+

2
cm2 13.25 cm2 tb within 4.25 cm2.

,
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CTION 5 A SHORT T FOR COUNTING AREA UNITS AREAS

6

OP RECT GLES

It is tedious to count a very late number,of small unit
o

squares as you did in Secticin 4. Fortunately there is a shortcut-

-that can make the job easier.

Try po find a "shortcut" for, counting the number of square.

units[in each df the rectangles in Figure 18. Frnd their areas using

your shortcut. 'Compare your rule with those of your classmates.

r

(c)

V

(a

Figule 18 (b)

You probably hate flsuricDa quick way of counting' the number.

of square centimeters a.rectanglf'.

f.

V

4

4
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c

)
One way is to count the 1 cm2-squares in one row. and-mul-

.

tiply by the'number of rows. For example, in Figure 18(b) we have

,----- three 1 cm2-squares in one-row. That is, the area of one row is
3 x 1 cm2. We have four such rows. Therefore, the total area fi

." 4x 3xlcm2 12 cm .2-

Since the unit of area' (cm2) is a square, 1 cm on a side, we can
Write the above multiM;t1on as

4 cm x 3 cm = 12 cm2
,5. \

We writ? the unit of length (cm) and the unit of width (cm)

after the numbers that are the measure of length, and width. We do-
this as a convenience to make sure that both dimensions are mea-
zured in the same units. Suppose we measured the length.of a s'

rectangle in.meters and the width in centimeters. Then the product
would be neither the.area in squaie centimeters nor in square meters.
So if the units are the same, the area of a rectangle is the length
tyres the width.

il
area of rectangle = length x width

°

..
14. - Find the area of the rectangles in Figure 19.. 1

. - -9

A

(a)

Figure, 19
6.

(c)

4,

(bi)
...........-

,,

.0'

193
,

4

i

I

,
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15. (a) How man}, centimeters are there along p side ofa square-
meter?

(b) How many square centimeters are there.in one square
meter (1 m2)?

16. How many square meters are therl in a square kilordeter (kni2)?

17. Find' the area of rectangles with

(a), length,- 12 cm
width, 4 cm

(b) length, 23 cm
width, 14 cm

(c) length, 20.5 m
width, 9.7 m

-(d) length, 46.7 km
width, 9:2 km

18. Find thp area of the following rectangles:

(a) length, 1.2 m
width, 80.cm

(b) 700 m by 2 km

(c) 65 cm by 12.8 m

(d) 8 cm by 5 km

,

19. You plan to paint a parch floor. It is 40.0 ft long and 12.6 ft
wide. You know that one gallon of the paint you are going to
use will cover 400 square feet of surface. How many gallons

- of paiht will'you need?

20. Draw .rectangle whose area is

(a) 12 cm2

(b) 25 cm2

(it) 15*,cm2.

(d)i 24 cm2

194



.---
,'-.22. (a) Figure'21 shows the region of Figure 17 enclosing five

P rectangles. What is the total area,of the five rectangles?
k.

4
) .

.A
,

All How would you use your answer to part (a) tofind a'all"'
hi ower bracket for the area of the region?

o et,0

1.

7 -19
o

21. In FigUre 20 subdivide the e-ncloied 'region into rectangles,.
Find the area' of each rectangle, and then find the total area
of the ,enclosed region.

'1

r

Figure 20

Figure '21MOMKMEMOMEOISCOMMOMMMOMMEMUMOOMOOMOOOomoolummOoNomMello
MOOMMOMMONSW-22TOMNSNMEMOSOSOM
MOOMONEMMoMEMbi.1,===ammOS011eMmmAu9N 1O

OMMN
MONMONSUNNONSOMMON UMIOMOIOMM PA
MOORMOroNNEN ONSvo1011sorAMOMOSOOM NANNE ANNPUMMOMOMUQ NO wMOMONSOONjNONENOOMNENOMMOMMOM000O NMOMMOIM
MMEMMIAUSBOOMMUMMOOAMMONMEMOMllizgOO IM
MEMOMOMMNOMMINIMPAMMEMOMMOMM
IIIMMOOMMUMOMINLIMFAMMIEMIOMMOMOMUMOMOMftnUUOORMOONOIMMMWIPAMEMOOMMOOMOOMMEMMOMMOMMEMOMMMOOOMNOMINISIONMOMmomomoo
MEMMOMOMMUMMUMROMOMMUMEMMOUOMEMOOMMOMOMMOOMMEMOOMMOMMOUMIIOMMM

195
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SECTION 6 MULTIPLYING FRACTIONS

,t2K,11 In finding dhe area of a rectangle we can use multiplication

as a short cut to count area units. For_exemple, to count the 1 cm2

squares in a 5 cm by 6 cm recta-ngle we multiply 5 by 6.

. So far, however, we have not tried to find areas of rectan-

gles with length's or widths that are'fractiors. For example., how
3

do we find the area of a a by
4

rectangle?
3

2

4

3
To g et

3
the by rdctangl we divide one side of a unit

1 1
square into 3's and another into Ti's. This divides the unit square

into of3 X' 4 = 12 e ual parts. Each part is _ _ o the unit square as ,
12.

shown in Figure 2 .

Now we shade a
2

by 3 rectangle (Figure 23). It has two
3 4

rows and three columns, or 2 x 3 = 6 of the 12 equal elbarts.. There-

fore, the rectangle is 6 of a unit square. Sind the area of a rec-

tangle is length tunes width we conclude
2 3 6 t

4 12

Figure 22

2
, 3

3

4 4

. 2
3°

3

a.

Figure 23 4::

0 - 1 Z.
4' 4 4 -

196, -
, -,#

1:
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Let us look at another example. What is the area of a
2- by .rectangle? In other words, Whet is -2 x -5-? Since we have

,

3 2 3 2

2

1
rows3's and -'s we divide a unit square into three.ws and two columns

or 3 x 2 = 6 equal parts (Figure 24).

)

Figure 24
In

b

. ;To get a by -5 rectangle, however, we need three unit,3
2

)2 ,.

squares becausel 5< < 3. ,
.So we add two unit squares to the one

i.--4 2 .

in Figure 24. This is done in Figure 25. The shaded rectangle in
:,

this figtAre has two rows and five columns or 2 x 5 = 10 of, the six

equell parts. Therefore
,

%
, 2 x 5 10., -

3 2
=

'6

:,

2.
3

, 1

3

Figure 25

0

1

I
3
2 2

1

t
,..

.

.0

4

4

A

e.
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A

..v. .
,

., Note that in both examples (1) t'he denominator of the answer

ris the-product of the denomin4tors of the fractions being multiplied;

and (2) the numerator of "the-answer is the product of tlie.numerators.
. ,

The, examples suggest that we can multiply fractions in two steps.

First we multiply the denominators. This pi-oduct gives us the num-

I

ber of equal parts into wh.ich we divide the unit square. Next we
..../ . _

multiply the numerators. ThLs givgs us the number of the equal, Orts
. k

we peed. Therefore to multiply fractions together we' multiply, num-
.

erator by numerator and denominator by denominator. For example

1-( 1 2 x 3 6

5 4 5 x 4 20
4

ni.

.

23. What products are illustrated b the shaded,rectangles in
A.Figure 26? .

...

A

Figure 26 C.
:

(b)

.

c

1
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/

24. Multiply the following fractions.

1

2

. (a) I x 2'-

(b) 2 -x
4

7
(c) 12 x 9'8

(d) 8 x 7
3 10

-

,

,S

(e) --3 x 4

io io

7 3

(f)- 16x 1000..

25.. What is:
(a) `I of 2?

.

I .flf
41,?2

3
of -:-.4.

3
4-5-

,?

5

13. o' .-2.
1

t

A

6

)'

...

/

26. W.haVis . .._.
t.

1 2
(a)

2
x x ?

3- 4

- (b)
2x 5x 4?
3 7 3,

...

1 .

° (c)
1 x 1 x 1 x 39
:2 3 4 .5'

o NI

a

4

'

1-99. ,, l

4.

.
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1.

21. Find the following products. (Hint: c4nge eath-numbecfrom
mixed hotdtion to a fraction;)

,

(a)

(b)

,
(c)

(d)

2 3
1--

3
-x 1--

5

1 1
2 X 3

32 .

5 1
7-8 2-i

11-2 x 12-1
3 5

i

. k

)

le"

,.

28. Which oaf ikie following products are equal?

\ (a) x "-9
8 16

and 7 x 1
10 8

5-
(b)

3
-4 >i

2
-3 and

4
-5

1
x -2

A

d

(c) 3 >5 and i x .1' 4,
,

1. 3 3 6(d) 1-x and -x
5 4 5 4

(e ) 11)- x il- and -. x III
7 9 9

(f) 0- x
3 5 2

..

<4 9- ----=2x15

2 4 '2
(g) x sand

x2
3. 6 3 3

t 0
200 se.

4

........

)

c

.
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SECTION 7 MATCHING PRODUCTS OF FRACTIONS
svir.1

This is a-ca pd garn for two to four players. The obje6t of
.

the game is to win the most cards by matching equal fractions.

You win cards by matching one.card from your hand with one

or' more cards from the table. Your card matches one card from the

table if the fractions printed o'n both are equal, and matches two or

more cards if their product equals the fraction on your single card.

You can use pencil and paper to multiply fractions if you

need to. Whenever you Make a match yob must convince the other

players that your card does match.,
The game begins ,Wit* the dealer dealing four cards to each

player, putting four cards, face up on the table in the middle and

putting the rest of the debk face down in one pile bn the table. The

play begins to the dealeriO left; and continues clockwiSe.

During a turn, a p Ayer tries to match one of his cards with

one or more cards from th" table. If he makes .a match he gets td

. keep his card and the mathed `Cards in a pile of his own. If he can-,

IV

. ,--
not make a match for any )ieasort he -must place one of his cardsF

face up in the middle of 'tk;e table. After matching or placing his

_card, he draws one card fpm the u used deck to replace his card.
----- !a'

When the deck is sed upth play continues until all the
cards from everyone's hand. are used. he Jest person to make a

match then gets all the remaining cards hat are face up on the table.

The pairipr with the most cards is e winner..
,

201

b.
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SECTION 8 MULTIPJYING DECIMALS BY DECIMALS

To calculate the area Of a 37.5 cm by 0.52 cm rectangle we

need to multiply decimals. t We can do this the same way we multi-.

plied a decimal by a whole number. That is, we do it in twosteps.

(a) We. multiply the twp numbers as if they were both whole number's.

401
5aPZI

(b) We approximate the product, with each factor rounded off to one
4 non-zero digit and the correct number of zetos. We can then use

I

Tables 1 and 2 in-Chapter 5 (orrpage 5-10 and 5-13) as well as
Table 1 in this section to find the place value of the product.,

.Examples:

have

(1) What is 37.5 X 0.52? Ignoring the decimal point we
H

375 x 52 = 19500 .
Approximating the product gives 4 tens x `5 tenths = 20 tens x tenths.

From Table 2 en Page 5-13 we see that iensx tenths F ones. So our

approxiniation}S 20 ones .= 2(k. Therefore, we place the decimal .

point so that the answer is close to 20; that is
,

37.5 x 0.52 = 19.5,

(2) What is 0.51, x 0.021? Without decimals 51x 21.= 1071.

Rounding off the factors we,get 0.5 and 0.02. Prot Tab;e kin this
section we see that

.
(tenths) x (hundredths) = thousandth(

.
Thelefore the approximate answer is 5 tenths x 2 hundredths = . : ,

e ,,

10 thousandths or 1 hundredth; and the exact answer must be ,0:.0-1071.
N i .

P:', .,.: fr,,s, . ' tk. :.'' --/.
4-v.:I.:-

02 I , ,...,,!..,
eV. 4

; :: ;. 1 44_

t
. 4 -

t
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TABLE 1

X .
ones terrths . ,.. hundredths

'ones ones, tenths hundredths

tenths. tenths , hundredths thosandths
hundredths hundredths thousandths tdn thousandths

,Make two tables like Table 1 using fractions k 1
ro",

1
100) and

decimals (0.1, 0.Q1) instead of words.

29). Where do the decimal points go in each of the',following
products?

(a) 0.21 x 0.32 = 672

(b) 0.056 x 0.8 = 448

0.96 x 0.038 = X648

(d) 1.6 x 0.035.= 560.-
(e) , 0.082 x 0.057 = 4674

A

30. Without doing"the-calculations, which of the following results
are definitely wrong?

(a) -b .36 x 0.15= 0.54
(b) 0.07 x 0.96 = 0.0,662,

(c) 0.88 x 0.045 = 0.0396

(d) 0.063 x 2.92 = 0%184

(e) 0.011 x 0.019 = 0;.0002

31. Find the valuf the products (4 through (e).
(a) 0.22 X 0.06. .

lb) 0.'86 x-0.76



(c) 0.35 x 0.026

(d) 0.0§1 x 0.012

(e) 0.063 x 0.58

s
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SECTION 9 ESTIMATING AREAS

Here teen area estimating contest..13realk.up into five of

six teame'of equal, size. Have your teacher pick out a number of

different rectangles whosi area you will estimate (area of a black-

board, desktop, door, windowI postage stamp, sheet of paper, ett.).

Write down your estimates of length and width (in meters for

large rectangles and centimeters for small ones), Then calculate

your estimate of the area. _

,

er.everyone has "written-tteir estimate of the area'of a
k ' . .

rectangl s.tudents, from different Lars Measure its length and
, .

va

width and calculate the rectandle'l area:
-

4 f

4,_

,$

.
Everyone-then finds out' how larg , is or hererror is.. . ,. ,,. A .

Each team finds the sum of its members' errors. The team

with the -16west- total wins

I

SECTION 10 THE AREIS OF '1ARALLELOaRAM§' AND TRIANGLES
.. , ; . /

- . . s

, parallelogram is a 'cipdrilateral t has opposite sides '
. . .. . ,

. parallel. The angles made by its sides are often riot right angles. v
. . -.:We can find the area of such a parallelogram by.rnaking it 'into a' f..

, .
; ,

1

!AK:

'.rectangle.

I
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A

We start with the parallelogram in ,Figure 27(a). , We cut off

the right triangle ACE shownoin Figure 27(b) and move it to the other

end of the parallelogram., This gives us the-rectangle ABEF shown in

Ffgure 27(c). We can easily find the area of this rectangle by multi-

theilength of the-side AB by the length'of the side BF.

(a)

Figure 27

(b) (c)

4

B

.E

The line segment AE of the parallelogram in Figure 27 is usu-

ally called the height of the parallelogram and the line segment'EF is

called the base,. (?igure 28). Therefore

s

area of parallelogram = height x base.

Figure 28

205

4.
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Trace the parallelogram- in .Figyre 29 and off a right trian-
gle from either end. Fit the.two-piecesstogBdier to form a rectangle-.

Measure the sides and find its area.

32. Find the area in cm2 Of the parallelograms in Figure 30.

Figure 30

(a)

33. Find the area in cm2,of. the parallelogram in Freyure 100 and
the area in cm2 of'the two unit area parallelograms in Figure 1(a).

34. Figure 31 shows a crystal,of the mineral calcite. The face
ABCD has a base of 3.8'cm and a height of 2.6 cm. What is
the area in cm2 of.this face?

ZEj

Tigure 31

46 .--. ,

35. A deck ofcards,is piled tip'so as to make a rectangle as showp
,:'''in Figure 32(a)': Then the cards are slid one over the other so

the deck locks like Figure 32'(b)" which is a parallelogram. HoW
does the area of_ttie parallelogram in (b).compate'with the 'area
of the rectangle in (a)? '

ti 4

206



1

7-31

Vat': To find the area of a triangle we do something much like what
we did to find the area of a parallelogram. In this case we make a .

,).

triangle into a .parallelogram. To dothis we add another triangle that
x

is the 'same as the 'triangle whose area we wish to find. This is shown
in Figure 33(a) where the 'triangle BAC has been flipped over to make
the triartgle, BCD. This gives the' parallelogram BACD shown in Fig-
ure. 33 (b) .

(a)

height

A44-- toie C

Figure 33
(b)

The area of.the parallelogram in Figure 33.(o) is its height times
its base. This area is the same as the- area of two triangles like tri-,

-angle BAC A Figure 33(a). Therefore,

1. area of triangle =.2 x height x baie



mat

.0"

36.i What is the area of each of the triangles in Figure 34?

Figure 34

3 cm

nAr

,
2 cm

37. What is the area of the following triangles?

(a) base ='3.2 m, height = 7.8 m

1 2
(

3
ase = m, height.= m.

3

1.0

38. Find the area of the kite iii Figure 8W 9n page 10 in Chapter 4.

39. (a) Draw three different triangles with the same base and the
same height.

(b) How do their areas compare?

40. (a) Draw three different triangles that have different bases
and different heights but all have the same area.

(b) Write down the base and height of each of the triangles
.

in part (a).

Trace the shaded-quadrilateral -in-Figur 7 on page 9 in

Chapter 4-and find its area

Describe how to find the area of any adrilateral.

f
208

4

411.4
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'SECTION 11 -AREAS OF ENLARG ENTS

If we are given a sqUare and apply a scaling factor of 3,

each side of.thkenlarged square is thre'e times as long as a side of
the small square, (Figure 35) . But, as you can see, the area of the

4

large square is nine times greater than the area of the small square.

Or we can .say the ratio ,of the area of.the large 'square to the area of

the small square is 9.
. -

!",m3

cm

Figure 35

3 cm

1. 1

-I
MB M.+ elnalfeaIIIII;I

St i
1

NM IN SI + + MO MI IN

Trace the triangle. in Figure 36. 1w use the method de= ,

scribed on page 4'of Chaptelif 4 to enlarge the ttriangle by a scaling
factor of 4. What is the ratio of one 'side" of the enlargement to the

corresponding side'.in Figure 36?

Figure 36
o

xr

V

Find the'-area of each trii le. :How many times larger is the
area of the new triangle? Wh is the ratio of the area of the large
triangle to- the area of the small- triangle ?

,)

p
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Now make an enlargement of the parallelogram in Figure 37

using a scaling factor of 5. What isth ratio of the area.of the
large parallelogram to the small one?

41,

Figure 37

,

Fi Rd how many times corresponding lengths are increatecrand
how many times the area is increased in each of the enlarge-
ments in Figure 38..

(a)

Figure 38,

(b)

1.

t

2 cm
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A

42. 'The area of a big square is 100 times the area of a smaller
square. What is the scaling factor from the small square to
the big square?

tiel
GlaZ' As you probably have disckvered when you make an enlarge-
ment of a figure the area Of the lrger figure does not scale up' the

, I
'same way the lengths of tt;e figUre do.

In enlargements, to find out how many times the area is in-.

creased we multiply, the scaling factor times itself.

Thus, if the scaling factor is 2, all lengths in the enlargement
are twice the corresponding lengths in the original. Thq area of en-

, largement," however, is fourticres that of the original.

SECTION 12 AREAS ON 'MAPS

Scaling factors always apply to lengths, notr.areas. Consider
. a map where the scale ist It is the actual' lengths that are re-

1

12,000'

12,
1

000.
duced by not the areas. In fact, the actual areas on such a

1 1map are reduced by
X12,000 12,000 144,000,000.

171
43.

.

A student is Making a map of the lot his house :is on. The 1*
is 20 m by 28 m. He decides to make the scale fohrs map( ,

What is the ratio of each actual length-tothe correspond1

ing length on Ms map? What is the ratio of the actual area to
. 'the map's area?
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, . .

44. Turn back in,your book to Figure 1 in Chatter 5. To what scale
° = is the figure'dr'awn? Find the area of

.

(a) the'.."utklities" room;

(b) they bench next to the darkroom.

45,, Using Figure 1 in Chapter 5 find out ho\y manly square meters
of 'carpet are needed to cover the floorcf thelart and editing

TOO 111

4'8. Suppose the field nej to the Day Jtinio; High School (Chap-
ter page 5) needs re-seeding. If one box of grass seed
will cover about 50 , ho many box'as of seed will be
needed to re-seed the field?

147. Given a map with a scaling factor of what would1,000,000 ,
be the actual'land area in km2 of

(a) a square 1 cm on a side on the map? .i

(b)
-

a square 1 cm on a side on the map?
,,

2
.0_

..

48. Use the map on page 20 of Chapter 5 to find the area in km2 of

(a) Flint.

,(b) Pontiac.
. ,

49. Use a grid to bracket the,area of the Detroit-Winds(or reglon
(Z. on the map on page 29 of Chapter 5.

t
.11

21.

f.


